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PREFACE 


The diversity m the adopted values of the elements and 
constants of astronomy is productive of inconvenience to all 
who are engaged in investigations based upon these quanti 
ties, and injurious to the precision and symmetry of much of 
our astronomical work If any cases exist in which uniform 
and consistent values of all these quantities are embodied m 
an extended series of astronomical results, whether m the 
form of ephemendes or results of observations, they are the 
exception rather than the lule The longei this diversity 
continues the greatei the difficulties which astronomers of 
the future will meet m utilizing the work of our time 

On taking charge of the woxk of preparing the American 
Ephemens m 1877 the writer was so strongly impressed with 
the inconvenience arising from this source that he deemed it 
advisable to devote all the foice which he could spare to the 
work of deriving improved values of the fundamental elements 
and embodying them in new tables of the celestial motions 
It was expected that the work could all be done m ten years 
But a number of circumstances, not necessary to describe at 
piesent, prevented the fulfillment of this hope Only now is 
the work complete so far as regards the fundamental constants 
and the elements of the planets fiom Mercury to Jupiter mclu 
sive The construction of tables of the foui inner planets is 
now m progress, those of Jupiter and Saturn having already 
been completed by Mr Hill All these tables will be pub 
lished as soon as possible, and the investigations on which 
they are based are intended, so far as it is practicable to con 
dense them, to appear in subsequent volumes of the Astro 
nomical Papers of the American Ephemeris As it will take 
several years to bring out these volumes, it has been deemed 
adi isable to publish in advance the present brief summary of 
the work 
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PREFACE. 


The author feels that critical examination, of this monograph 
may show in many points a want of consistency and conti- 
nuity. The ground covered is so extensive, the material so 
diverse as well as voluminous, and the relations to be investi- 
gated so numerous, that no conclusion could be reached on 
one point which was not liable to be modified by subsequent 
decisions upon other points. The author trusts that the diffi- 
culties growing out of these features of the work, as well as 
those incident to the administration of an office not especially 
organized for the work, will afford a sufficient apology for any 
defects that may be noticed. 

Nautical Almanac Office, 

Z7. 8. Naval Observatory , January 7, 1895 . 
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ELEMENTS AND CONSTANTS 


OIIAPTEB 1 

GENERAL OUTLINE OF THE WORK OF COMPARING THE 
OBSERVATIONS WITH THEORY 

1 In logical oidei, the first step in the work consists in the 
redaction of observed positions of the Sun and planets to a 
uniform equinox and system of declinations 

The adopted standard of Eight Ascensions was that origi 
nally woiked out in my papei on the Eight Ascensions ol the 
fundamental stais, found m an appendix to the Washington 
Observations Joy 1870 , and extended to a fundamental system 
of time stais in the <atalogue published m Yol 1 of the Astro 
yiomical Papers of the American Ephemens This system 
coincides closely with that of the A&tronomische Oesellschaft 
and the Berliner Jalirbuch , about the epoch 1870, but the con 
tenmal proper motion is gi eater by ibout 0 s 08 

In Declinations, the adopted standard was that of Boss, 
which has been used in the American Ephemeris since 1881, 
and on which is based the catalogue of zodiacal stars just 
referred to But as Declinations generally are not immediately 
referred to fundamental stais, the method ol minting obser 
vations to this system in Dei lination was not entirely uniform 

Observations us<d 

2 The following is a general statement of the observations 
used, and the extent to which they were conccted, oi lero 
duced 

Greenwich — Dr Axtwi< its courteously supplied me with the 
lesults of his re reduction of Braplj y’s observations both of 
the Sun and planets From the beginning of Maskylene’s 
work until 1835, the Green with observations wore completely 
re reduced, utilizing, so far as possible, Airy’s reductions The 
5690 N alm 1 l 
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data necessary for these observations were discussed in Prof. 
Safford’s paper, Vol. n, pt. n, which paper was prepared 
for this purpose. In the case of the Greenwich observations 
from 1835 onward, it was deemed sufficieht to apply constant 
corrections to the Eight Ascensions, determined from time to 
time by comparisons of the adopted Eight Ascensions with 
the standard ones. In the case of the Decimations, Boss’s 
special tables were used, but in the later years it was judged 
sufficient to apply the constant correction necessary for reduc- 
tion to Boss’s standard. 

Palermo. — Piazzi’s observations of the Sun and Planets were 
completely re-reduced, the zero point of his instrument being 
determined from the observed Declinations. 

Paris. — LeYerrier’s reduction of the Paris observations 
from 1801 onward was made use of, applying the correction 
necessary to reduce the results to the adopted standard. 

Konigsberg. — Bessel’s clock corrections were individually 
corrected by the new positions of the fundamental stars, so 
that practically the Eight Ascensions may be considered as 
completely re-reduced. 

In the case of the other observatories, it was deemed suffi- 
cient to determine, by a comparison of the adopted or of the 
concluded Eight Ascensions and Declinations of the funda- 
mental stars with the standard catalogue, what common cor- 
rections were necessary for reduction to the standard. When, 
however, the period was covered by Boss’s tables, the correc- 
tion which He gives as varying with the Declination was ap- 
plied. After more mature consideration, I am inclined to think 
it would have been better to apply a constant correction to the 
Declinations m every case, except those where the change 
with the Decimation was quite large. 

Although these processes were somewhat heterogeneous, it 
is believed that the main object of referring the Declinations 
to a system of which the error would be a uniformly varying 
quantity was fairly well attained. The subsequent determi- 
nation of this error both m Eight Ascension and Declination 
is a necessary part of the work. 
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The following is a list of the observatories whose obseiva 
tions of the Sun and Planets were included m the v ork 


Greenwich 

Palermo 

Pans _ 

Konigsberg 

Doipat _ __ 

Cambridge 

Berlin 

Oxford, Radcliffe 

Pulkowa _ _ 

Washington 

Leiden _ _ 

Strassburg 

Cape of Good Hope 


1750-1892 

1791-1813 

__ _ 1801-1889 
___ 1814-1845 

_ _ 1823-1838 

1828-1844 

__ 1838-1842 

„ 1840-1887 

1842-1875 

1846-1891 

1863-1871 

1884-1887 

1884-1890 


The number of the meridian observations of the Sun, and 
of the planets Mercury, Yenus, and Mais, actually included in 
the work is approximately as follows 


The Sun 40,176 

Mercury 5> 4 21 

Venus — — l2 > 3 l 9 

Mais __ — — 4,114 


Total 


62, 030 


Sefmdiameters of Mercury and Venus 
3 The reduction of the semidiameter of the planets was a 
point to which special attention was given In the case of 
Meicury, the adopted semidiameter at distance unity was 3" 34 
The values adopted by the vauous observatories m 1 educing 
their observations varied so little from this that m cases where 
the original reductions were accepted no correction was applied 
foi the difference So, also, when the observers applied a cor 
rection for reducing the observed center of light to the actual 
i enter of the planet, no revision of this reduction was made 
Such was supposed to be the case with the Pans observations 
When the published Eight Ascension was that of the center 
of light simply, a reduction to the tiue center was computed 
by the empirical formula used in the Washington observations 
If we put 4 for the angle between the Earth and Sun as seen 
from the planet, then 1 + cos i will represent the fraction of 
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St a PP a K reu ^ transverse diameter of the planet that is illu- 
minated. by the Sun. It was assumed that when the illumina- 

Z e“7e S ;t t 'T ‘ he , tMOtMSS *«-»»« JrZZ 

ero, the point observed would be two-thirds of the way from 
the eenter of the planet to the limb, and that when the planet 

ZmlolZ th f 6 C6nter * observation would be" five 
twelfths of the way from the center to the limb. These con 

ihuZated tS 6 add S ° ne that Wh6n the l )lanet fully 

;tz“;:zi on sbo “ ia *• - 

Correction = semidiameter x ( 1 ~ cos ») (5+ cos i) 

12 " 

This correction was to be multiplied by the sine or cosine of 
reducSiuI Riihfl 11116 ^ made Wlth the meridian to 
Wq .. . . ® Practically the same whenever the 

f~7r\ r r“ 10 th6 si “° p “ ia »“ 8 <■> X 

IS possible to embody it in a table of two arguments one 
depending on the longitude of the Earth, the other on that of 
e planet. Actually, however, the table was arranged in a 

i” 77 “’ >n 7 hioh 0,16 is 016 '* lat » •» 

winch Mercury last passed perihelion, and the other, its mean 

assumed naT^f? 0 ^ imp0rtance wMch this correction may 
assume, a partial transcript of the table actually employed for 

the reduction in Eight Ascension is given on the mZFZZ 

ead horizontally, the numbers show the corrections of the 

^«nt through on, revolution of the planet. VertLt 

^^^“^^"eco^tioneeor; 

loe” thro7 To™ 7“° n ° f th6 Plan6t ’ *»“ E «h 

used extended * ever, too. hut £ Z1T ZT^ 
mean anomaly will suffice to <?liow J 00 °* 

the correction 6 g6neral ma g“tude of 

The correction to the Declination was embodied in a similar 
table which it is not deemed necessary to print at present 

upon a'vllue of * ?*** P ° SSible to dedde 

upon a value ot the semidiameter, or a law of its apparent 

ange, w mb should apply to all parts of the orbit. After a 
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careful examination of the data, it vas decided to 1 educe all 
the obseivations with the ^emidiametei 


8" 75 

A 


+ 0 " 20 


when made with modern instruments, and to use a value 0" 3 
greater in earliei obsei\ations The actual i eductions of all 


Coyrection foy defective lUuyynnation of Mocuyy m E A 
Arguments Date of yerylielion passage at side, and ynean 

anonialy u g” at toy 
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the principal series of observations were corrected to this value 
of the element in question. 

Observations of the estimated center of Venus, when made 
more than one hundred days from superior conjunction, were 
rejected altogether; when made within that limit, the point 
observed was assumed to be the center of gravity of the illu- 
minated portion of the disk, considered as a plane figure, and 
the necessary reduction to the center was always applied. 

-A. similar correction was applied to observations of the esti- 
mated center of Mars. The Paris results, after 1830, and the 
later Greenwich and Washington results, are published with 
the reduction for center of light already applied; and in these 
cases the published corrections were not changed. 

Tabular places. 

4. The tabular elements of the planets adopted for correc- 
tion were those of Leverrier’s tables. These tables having 
been continuously used in Astronomical Ephemerides since 
1864, it was judged more convenient to adopt the theory on 
which they were based as the provisional one to be corrected 
thanit was to construct anew provisional theory. As the tables 
in their original form are extremely cumbrous to use, the 
theory was partially reconstructed by making manuscript 
tables of the principal perturbations, which were, however, 
carried only to tenths of seconds. With these tables the 
places of the planets were computed for dates previous to 1864. 

A,s places of the Sun were necessary not only for direct com- 
parison with observations of the Sun, but also for the geocen- 
tric places of the planets, an ephemeris of the Sun’s longitude 
and radius vector was prepared for the entire period 1760-1864 
to every fifth day, the lunar perturbation being omitted and 
afterward applied for each date when required. 

. The metll0d of deriving the final tabular places varied with 
circumstances. When there was no accurate ephemeris avail- 
able for comparison, which was the case before 1830, it was 
necessary to compute a completely independent Set of tabular 
geocentric places. Sometimes these places were computed for 
the moment of the individual observations, but more generally 
when the observations occurred in groups, an ephemeris was 
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computed in order that tlie work might be checked by differ 
ences Alter 1830 it was common to compute an ephemens 
for intervals of three, five, or ten days, thus deriving the cor 
rections necessary to 1 educe the published epliemendes of the 
Berliner Jalirbucli 01 of the Nautical Almanac to those derived 
from Leverrier’s tables 

Until this plan was mapped out, and woik well m progress 
upon it, it was not noticed that the planetar j masses adopted in 
Leverrier’s tables were so diverse that corrections to reduce 
the geocentnc places to a umtorm system of masses would be 
necessaiy Although theoretically the necessary reductions 
were very simple, I can not but feel that the application of 
such corrections involves more or less doubt and uncertainty, 
and that it would have been better to have constructed pro 
visional tables based on uniform masses quite independent of 
those of Levfrrieb 

In Annalcs de V Obscr vatoire de Parts, Vol ix, Leverrier 
gives the following values ot the masses used by him as the 
basis of hib provisional theory 


Meicury 

A 

3 000 000 

= 000 000 333 

Venus 

1 

401 847 

= 000 002 4885 

Eaxtli 

1 

354036 

= 000 002 8174 

Mars 

acw» .07 = 000 000 * 73 087 


The following table shows the factois by which these masses 
weie multiplied m the cases of the several planets in Lever 
rier’s final tables Thev were controlled by induction from 
the numbers of the tables themselves, the result of which was 
found m all cases to agree with the statements in themtroduc 
tion to the tables 

In the 1 ist line of the table is shown the factor used m the 
present provisional theory 
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Mercury 

Venus 

Earth. 

Mars. 

In tables of — 

The Sun . 

1 

1. 004 

I 


0. 89s 

Mercury 

1 

1 

1 . 0026 

1 

Venus 

1 

I 

Mars 

O- 975 

1 

Piesent work 

1 

0. 8657 



As in the actual work the masses of Mercury and Yenus 
were to be determined from the observed periodic perturba- 
tions which they produced, it was necessary that the perturba- 
tions produced by them should all be carefully reduced to the 
adopted standard. The reduction was less necessary in the 
case of Mars, but was carried through all the work relating to 
the Sun. 

Comparison of observations and tables. 


5. The result of each separate observation of each body was 
compared with the tabular result thus derived. The residuals 
wore then taken and divided into groups. The interval 
between the extreme dates of each group was always taken 
so short that it could be presumed that the mean of all the 
residuals would be the correction for the mean of all the dates. 
The general rule was that the interval should not exceed four 
or five days in the case of Mercury, or six or eight days in 
that of Yenus, and that not more than six or eight observa- 
tions should be included in a single group. In taking these 
means, weights were assigned to the results of each observa- 
tory founded on the discordance of its residuals. Then to each 
mean a weight was again assigned equal to the sum of the 
weights of the individual residuals when these were few in 
number, but not allowed to exceed a certain limit, how great 
Sbever raight be the sum of the individual weights. 


liquations of condition. 


6. Each mean result thus derived formed the absolute term 
of an equation of condition for correcting the tabular elements. 
The number of these equations was as follows: 


The Sun 
Mercury 

Venus 

Mars 


Equations. 

- 11,676 

- 3 j 929 

- 4 > 849 

- 597 
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In forming the equations of condition from observations of 
the planets, I adopted the system suggested in the mtroduc 
tion to Vol i of these publications, namely, the determination 
of the solar elements not only from observations of the Sun 
itself, but from obsei vations of each of the planets The leason 
loi this couise is quite simple and obvious An observation of 
the position of a planet as seen iiom the lilaith is the exact 
eqimalent of an observation of the Earth as seen fiom a 
planet, and thus depends equally upon the elements ol both 
or bits Hence, whatever elements of the Eai th’s orbit could 
be determined by obsei vations made from a planet can equally 
be determined by observations made upon the planet A 
strong reason for proceeding upon this plan was found m the 
very largo errors, both accidental and systematic, to which 
observations of the Sun ai < liable 
Tin advantages, bowevei, line not pioved i datively so 
gicat as were antic ipated The ecc entncity and perihelion of 
the Earth’s orbit come out m the solution of the normal equa 
turns as functions of those of the planetary orbit to so great an 
extent that their weight is much less than that which would 
correspond to independent detei munitions from the same num 
ber of observations On the otliei band, the determination 
of these elements from observations of the Sun proved to be 
untc h more consistent than was expected, thus indicating a 
high dcgiee of precision 

The < ase is difleient with the Sun’s mean longitude referred 
to the Stars Hero systematic, and pcisonal errens enter so 
largely that the results tiom Mutiny ind Venus appear to be 
rather m cue icliablo than those from the Sun itself In the 
case of these planets it fmtunatoly happens that the weight of 
the result derived lor the Sun’s mean longrtude rs not mate 
unlly diminished by tlie uncertainty of the con esporidmg 
element of the planet, the eitoisof the two mean longitudes 
being nearly separated in a senes of obsei vations equally dis 
tiibuted mound the cubit 

The sysh mafic enois m observations of the Sun rendered 
it, unadvisahle to determine the elements of the Earth’s orbit 
iiom obsei vations of the Hun by a single system of equations 
The solai observations, theietore, were classified according to 
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the observatory where made, and divided into periods rarely 
exceeding eight years in length. The elements are separately 
derived from the observations of each period. This system has 
the advantage of eliminating to a large extent the injurious 
effect of systematic and personal error upon the eccentricity 
and perihelion of the Earth’s orbit, and also enabling us to 
judge of the precision of the corrections to those elements by 
n.6 discordance among separate results. 

Meridian observations of the Sun and Planets are referred 
to the fundamental stars, while the Eight Ascensions of the 
latter are referred to the equinox, the position of which has 
heretofore depended on observations of the Sun. The adopted 
position of the fundamental stars therefore comes in, to a cer- 
tain extent, as the basis of the work, and the constant parts 

of their systematic corrections are among the results to be 
derived. 


Thus, m the case of the equations pertaining to the three 

p anets, the following corrections were introduced as unknown 
quantities : 

Correction of the mass of Mercury or of Venus. 
observed^ 0118 ** ^ elements of the orbit of the planet 
Correction of the obliquity of the ecliptic 

■.o 0 c xr“;r;r s meau - 

CgWon corrections to the adopted Eight Ascensions and 

-Ueelinations tftfo^fupdamental stars. 

In the case of Mercury ah adopted hypothetical correction 

of the ratio of the radius vector of the planet to that of the 

Earth was also included in the equations, although little doubt 

oojjW feefelt that the true value of such a quantity must be 

W reason for introducing it will be explained here- 
alter. 


Determinations of the masses and secular variations. 

7. The secular variation of all the preceding elements, the 
mean distances excepted, was also introduced into the equa- 
tions from observations of the planets. In addition to the 
above elements, the mass of Venus appeared in the equations 
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derived from observations of the Sun, Mercury, and Mars, and 
the mass of Mercuiy m the equations derived from obsei 
vations of Venus The coefficients of the masses, however, 
depended wholly upon the periodic perturbations 

Were it quite certain that the seculai variations arise 
wholly from the masses of the known planets, the masses 
could of course be derived from these variations, and the lat 
ter would appear m the equations of condition only thiough 
the mass itself On this hypothesis the secular variations 
would not appear m the equations, but only the masses But 
it is well known that the penhehon of Mercury is subject to a 
secular variation which can not be accounted for by any ad 
missible masses of the known disturbing planets The same 
thing may Well be true of the secular variations of the other 
elements It is therefore necessary, in the absence of a known 
cause for such deviations, to deuve the masses of the planets 
independently of the secular variations In the case of Mars 
the mass is obtained with all necessary precision from the sat 
ellites It is, howe\ er, different m the case of Mercury and 
Venus Here no resource is left us but to determine them 
from the periodic inequalities As the inequality produced by 
Venus m the Barth’s longitude is rarely moie than eight sec 
onds, it might seem that the coefficient would be too small to 
obtain a sufficiently piecise value of the mass But m the 
case of observations upon the Sun, Mercury, and Mars the 
error of the determination of the mass m question may be 
almost indefinitely leduced by multiplication and extension 
of the observations without dangei of systematic error 

To lllustiate this, let us suppose the Sun’s longitude to be 


detei mined with a meridian instrument only once a year, say 
at equal intervals of thiee hundred and sixty five days Let 
the longitudes thus observed be compared with an ephemeris 
m which the elements are affected with only slight eirors 
Leaving out of consideration the periodic perturbations pro 
cluced by the planets, the comparison of the obsei ved longi 
tudes with the tabular ones through an entire century should 
be neaily constant Any erroi affecting all the longitudes 
alike would appear as a constant The errors of mean motion 
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would vary uniformly witli the time. Thus the other elements 
would he nearly constant, and could be still more approxi- 
mately represented by a slight apparent secular variation. 

Now let the disturbing action of a planet, say Venus, be in- 
troduced. We should then have a series of deviations from the 
law of uniform increase, which would enable us to evaluate 
the mass of the planet. The value of this mass thus derived 
would not be affected by any systematic error common to all 
the observations, nor even by such an error which varied uni- 
formly with the time. Nor would small errors in the adopted 
elements of the Sun have any effect upon the result. 

If this would be the case for observations made* only at a 
certain point of the orbit, a fortiori would it be the case for 
the observations made at various points of the orbit, since any 
tendency to a systematic effect of the errors of observation 
would thereby be ultimately eliminated. 

Considerations almost identical apply to the case of observa- 
tions upon either of the planets when we consider the action 
of the other planet upon the planet observed and upon the 
earth. But they do not apply to the case of the action of the 
earth itself upon the observed planet, or vice versa . For ex- 
ample, in the case of observations of Venus, we may suppose 
that all observations made when Venus is at a certain point 
of its relative orbit, near inferior conjunction, say one month 
before inferior conjunction, are affected with a certain erf or 
common to all observations made at that point of the orbit. 
Since the perturbations produced by the third planet will in 
the long run have all values, positive and negative, for these 
several observations, the systematic error in question will not 
affect the ultimate value of its mass. But the perturbations 
of Venus produced by the Earth, as well as those of the Earth 
produced by Venus, will not have all values in such a case, but 
only special ones dependent on the relative position. Hence, 
determinations of these masses might be affected by errors of 
the kind in question. We conclude, therefore, that the mass 
of the Earth can not be satisfactorily determined by the peri- 
odic perturbations which it produces in the motion of any 
planet, nor that of Venus by observations on Venus through 
its periodic perturbations of the Earth. 



gj TRANSITS OR VENUS AND MERCURY 

In the isolation of the equations of condition the method of 
least squares has been used throughout, the arrangement of 
the work, the cnoice of quantities to be corrected, and the 
accuracy of the coefficients being so chosen as to minimize the 
great mechanical labor of making the necessary multiplica 
tions The adoption of this method was necessary m order to 
separate, so far as possible, the various unknown quantities 
and show to what extent their values were intei dependent 
By no other method of combination could so large a number 
of unknown quantities ha\e been separately determined in a 
way which would have been at all satisfactory On the other 
hand, m combining the final results and deciding upon the 
values of the corrections to be adopted, the method has not 
always been applied, for reasons which will be developed m 
Chapter IV 

Introduction of results of obse> nations on transits of Venus and 

Mercury 

8 In the case of Mercury and Venus the observed transits 
over the Sun give relations between the collections to the 
elements more accurate than those ordinarily derivable from 
meridian observations This is especially the case with Venus 
The value of these observations is greatly increased by the 
fact that they are made when the planet is near infeiior con 
pmction, and therefore nearest to the Earth, and in a point of 
the relative orbit where meridian observations are necessarily 
most uncertain In the case of Venus the error of the helm 
centric place will be moie than doubled in the case of the geo 
centric place during x transit As, howevei, the observation 
of a transit gives no one element, but only an equation of con 
dition between the values of all the elements at the epoch, the 
only way of treating it is to introduce the result as such an 
equation, with its appropriate weight The determination of 
the proper weight is a difficult matter The systematic errors 
of meridian observations aie such that the theoretical value 
of the weights assignable to so great a mass as we have dis 
cussed would be entirely illusory In fact so great is the 
v eight assignable to the observed transits of Venus that if 
we should regard the results of each transit as a condition to 
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be absolutely satisfied we should not be dangerously m error. 

I conclude, therefore, that there is more danger of assigning 
too small than too great a weight to these observations. 

In order to determine what change was produced in the re- 
sults by the use of the observed transits over the sun’s disk, 
two separate solutions of the equations of condition for Mer- 
cury and Yenus were made. In the one, termed solution A, 
the meridian observations alone were used; in the other, 
termed solution B, the combined equations* formed by adding 
the normal equations derived from the transits to those given 
by the meridian observations were used. 

In the case of solution A it was originally supposed that by 
using the mean epoch of all the observing in the case of each 
planet as that from which the time was to be reckoned, the 
normal equations for the secular variations would be almost 
completely separated from those for the corrections to the 
elements themselves. The separation would be complete wCre 
the observations at different epochs similarly distributed 
around the orbit. But, as a matter of fact, it was found that 
the accidental deviations from this symmetry were so consider- 
able that the separation could not be regarded as complete. 
The solution was therefore made by successive approximations, 
the terms depending on the secular variations being in the 
first approximation dropped from the normal equations for the 
corrections to the elements, and afterwards included when 
approximately determined, and vice versa . 

In the cafse of solution B, in which the transits were included, 
such a separation did not occur, and the equations were solved 
in the usual rigorous way for all the unknown quantities. 



CHAPTER II 


DISCUSSION AND RESULTS OF OBSERVATIONS OF THE 

SUN 

Treatment of the Eight Ascensions 
9 The meridian obseivations of the Sun have been treated 
on a system diffeient in some points from that adopted m the 
case of the planets It was possible to simplify the treatment 
by supposing that the small latitude of the Sun was always a 
definitely known quantity, so that when the observations were 
corrected for it the apparent motion of the Sun could be sup 
posed to take place along the great circle of the ecliptic This 
alloived the coirection of the elements to depend on but two 
quantities— the obliquity of the ecliptic and the Sun’s true 
longitude Assuming the obliquity to be known, the longi 
tude of the Sun could always be determined fiom an obseiva 
tion of its Right Ascension An observed Right Ascension 
being compared with a tabular one, the lesidual gives rise to 
an equation of condition between the correction of the long 
ltude, A, of the obliquity, s, and of the Right Ascension of the 
Sun, a 

da = cos e sec 2 6dl — £ tan e sin 2 ads 

This equation may be used to express the enor of the longi 
tude m terms of the enor of the obliquity and of the Right 
Ascension as follows 

dA = sec e cos 2 66a + J tan s slh 2A ds 
= sec £ cos 2 66a + 0 21 sin 2A ds 

The elements mainly to be determined from the observations 
in Right Ascension being the eccentricity and penhelion of 
the Earth’s orbit, each of the coefficients of which go through 
a penod in a yeai, the effect of the small term 0 21 6s sm 2A 
whose coefficient does not amount to 0" 10 after 1800, and has 
a period of half a year, will be practically without influence 
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on the result. The system was therefore adopted of deriving 
the residual in longitude directly from the residual in Right 
Ascension by the formula 


where 


SX = Fda: 

F = cos 2 6 sec s. 


The residual 6X in true longitude is then to he expressed in 
terms of the residual 81" in mean longitude and of corrections 
to the eccentricity and to the longitude of the perigee relative 
to the Stars. In this expression the coefficient of the residual 
in mean longitude was always taken as unity, the value of the 
correction being so small in the case of Leverrier’s tables 
that no appreciable error would result from this supposition. 
Thus each residual m Right Ascension would give rise to an 
equation of condition of the form — 

81" +• Ye" dx" + Ede" = 8X = ~F6a 

We are here to regard 61" and 8n" as corrections to the 
Right Ascensions relative to the clock stars, and not to the 
Sun’s longitude or perigee simply. I shall therefore use the 
symbol e instead of dl u to express the relative correction here- 
after. 

Treatment of the Declinations. 

10. The declination of the Sun in the case supposed is a 
function only of the longitude and obliquity. The equation 
for expressing the observed correction in Declination m terms 
of the corrections to these two quantities is 

Ad = sin ade + cos a sin edX 

Thus each observation of the Sun’s Declination gives rise to 
an equation of condition of this form. 

It is however to be supposed that the observations in Decli- 
nation made at each observatory will be affected by a constant 
error. If the observations are truly reduced to the standard 
system of star places, this error will be that of the standard 
system. As a matter of fact, however, observations made m 
the daytime, especially on the Sun and at noon, are made 
under circumstances so different from night observations on 
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stars that wo can not assume the uror of the i educed dechna 
tion to he necessarily the same as that of the star system 
We must, therefore, m each case, legard the constant error m 
decimation as something peculiar to the observatory and the 
mstiument, which may oi may not he woitliy ot subsequent 
discussion Thus each lesiduil m decimation gives use to 
m equation ot condition, 

Jd 0 4- cos a sin ed\ + sin ads = Jd 

Ad being the excess of obseived over tahulai decimation, 
and J6 0 the common eitoi ot all the measured decimations of 
any one series 

Formation of the equations from Rtqht Ascension? 

11 The method of treating the observed Right Ascensions 
ot the Sun was sugge steel by the i u t that they aie pec uh uly 
liable to system itie uid peison d enois, the loimer likely to 
c lunge with the seasons, and to be diflerent tor different m 
struments, and the lattei to continue through the woik of one 
observer It is now well understood that the obseived Bight 
Ascensions of the mean of the Sim’s two limbs relative to the 
fixed stars aie affec ted by personal enors, no means of chmi 
natmg which have yet been tned In a series of observations 
made by a single observer, undei umfoim conditions, this error 
would systematically affect only the relative mean of the Bight 
Ascensions of the Hun and Stars, leaving the eccentricity and 
pen gee deuved fiom the observations substantially < or rect 

On taking up the woik it w r as dso supposed that, owing to 
the different effect of the Hun’s lays upon the instrument at 
different seasons, and the different circumstances under which 
observations were made, the Bight Ascensions of the Sun 
would be affected by errors varying in a regular way through 
the year, hut not wholly expressible as a term of single annual 
period. It was therefore deemed best to c onsnlor the observa 
tions possibly affected by an eiroi ot double peuod, having the 
form 

x f cos 2q + y' sm 2 g 


5690 N ACM 2 
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The introduction of the coefficients x' and y' added two more 
terms to the equations of condition, which terms, however, did 
not express any astronomical fact, but only the possible errors 
of the observations. 

An additional and very important element to be determined 
from the observed Eight Ascensions was the mass of Yenus. 
The question now arose whether, by a uniform series of obser- 
vations, extending through some definite period, the correc- 
tions to the eccentricity and perigee and the coefficients x' and 
y> could be completely- separated from the coefficients of the 
correction to the mass of Y enus. Examination showed that 
from such a series of observations, extending through eight 
years, the mass of Yenus could be determined irrespective of 
all systematic errors repeating themselves with the season, 
provided that the observations were equally distributed 
throughout the year, or even that an equal number were made 
at the same time through successive years. As neither 6fi 
these conditions are practically fulfilled it was judged best to 
assume in the beginning that the systematic errors of an un- 
known kind repeated themselves at each season during an 
eight-year period, and that they could be expressed in the 
form 

c + x cos g + y sin g + x' cos 2g + y' sin 2 g 

x and y would appear as errors of eccentricity and perigee 
which could not be eliminated. 

The quantities actually introduced as the unknown ones of 
the equations of condition were as follows: 

jj. 1 , the factor of correction of the mass of Y enus ; 

x, one- fifth the correction to the eccentricity; 

y, one-fifth the correction e"8n" ■, 

x',y', one-tenth the coefficients expressing the supposed 
error of double period arising from all causes whatever; 

c, the constant correction to the Eight A scension of the 
Sun relative to the Stars. 

The coefficient of c was supposed unity throughout. The 
reduction of the residual in Eight Ascension to that in Longi- 
tude and the other factors were taken from a table like the 
following, of which the argument was the day of the year. 
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Separate tables were constructed for 1802 and 1850, but they 
were so nearly identical that no distinction need be made 
between them Furthermore, the error introduced by sup 
posing the mean anomaly to have the same value on the same 
da;y of every yeui is entirely unimportant 

Table of coefficients for expressing errors of the Sun’s Bight 
Ascension in tei ms of errors of the elements of the Barth’s 
orbit 



da 

Tl 

df 

da. 

Coefficients of — 

x=o 2 6 e 

y = 0 2fc$7 r 

X* 

y 

Jan l _ 

I 09 

0 91 

+ 0 1 

— IO 0 

+ 0 1 

-J-IO 0 

ii _ 

I 07 

0 93 

1 8 

9 § 

3 5 

9 4 

21 

I 04 

0 96 

3 4 

9 4 

6 5 

7 6 

3 1 - 

I 01 

0 98 

5 0 

8 7 

8 7 

5 0 

Feb io — 

0 98 

1 01 

6 4 

7 7 

9 8 

+ 1 8 

20 __ 

0 96 

1 04 

_f- 7 $ 

- 6 5 

+ 99 

l6 

Mar 2 

0 94 

1 06 

8 6 

5 1 

8 7 

4 9 

12 _ __ 

0 92 

1 08 

9 4 

3 5 

6 6 

7 5 

22 

0 92 

1 08 

9 8 

* 9 

3 7 

9 3 

Apr I _ 

0 93 

1 07 

10 0 

— 0 1 

+ 03 

10 0 

ii 

0 94 

1 05 

+ 99 

-[-16 

— 3 1 

- 9 5 

21 

0 96 

1 03 

9 5 

3 2 

6 1 

7 9 

3 

i 

i 

0 99 

1 01 

8 8 

4 8 

8 4 

5 4 

ii 

I 02 

0 98 

7 8 

6 2 

9 7 

— 2 2 

2 1 _ _ _ 

1 05 ! 

0 95 

6 6 

7 5 

9 9 

1 2 

3 i - 

1 07 

0 93 

+ 53 

+ 8 5 

- 8 9 

— 4 5 

June io __ 

1 09 

0 91 

3 7 

9 3 

6 9 

7 2 

20 

1 10 

0 91 

2 1 

9 8 

4 1 

9 1 

30 — 

1 09 

0 91 

+ 04 

10 0 

- 0 7 

10 0 

July io_ „ 

1 o§ 

0 93 

— 1 3 

9 9 

-(-27 

9 6 

20 

1 05 

0 95 

-30 

+ 95 

+ 5 8 

- 8 2 

30 

1 03 

0 07 

4 6 

8 9 

8 2 

5 7 

Aug 9 

1 00 

1 00 

6 1 

8 0 

9 6 

+ 27 

19 _ - 

0 97 

1 03 

7 3 

6 8 

10 0 

— 0 8 

29 - 

0 95 

1 05 

8 4 

5 4 

9 1 

4 1 

Sept 8 

0 93 

1 07 

— 9 2 

+ 39 

+ 72 

“ 6 9 

18 

0 92 

1 08 

9 7 

2 3 

4 5 

8 9 

28 _ _ 

0 92 

1 08 

10 0 

+ 06 

— }— 1 2 

9 9 

Oct 8 . 

0 93 

1 07 

9 9 

— 1 1 

— 22 

9 7 

18 „ 

0 95 

1 05 

9 6 

2 8 

5 4 

8 4 

28 

0 97 

1 02 

-90 

— 4 4 

— 7 9 

— 6 1 

Nov 7 

1 00 

0 99 

8 1 

5 9 

9 5 

3 I 

17 — 

1 03 

0 96 

7 0 

7 2 

10 0 

+ 03 

27 

1 06 

0 94 

5 6 

8 3 

9 3 

3 7 

Dec 7 

1 08 

0 92 

4 1 

9 1 

7 5 

6 6 

17 — 

1 09 

0 91 

- 2 5 

— Q 7 

- 4 9 

+ 8 7 

27 „ 

1 09 

0 91 

— 08 

— 10 0 

— 16 

+ 99 
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Finally, throughout the work the equations of condition 
were expressed only in entire numbers, the decimals being 
neglected. To lessen the number of equations of condition, 
the residuals were divided into groups generally covering from 
ten to fifteen days, the length of the group being determined 
by the condition that the perturbations of Venus must not 
change much during the period. . 

While the formation and solution of the equations of condi- 
tion on this system were going on, it was found that the intro- 
duction of the assumed coefficients %' and y' was a refinement 
productive of little or no good result. In fact, the observa- 
tions of the Sun proved to be much freer from annual sources 
of error than I had supposed, as will be seen by the tables of 
their results soon to be given. This is shown by the general 
consistency of the corrections to the eccentricity and perigee 
given by the work at the same or different observatories dur- 
ing different periods. 

In marked contrast to this is the discordance anion g values 
of the correction c to the relative Eight Ascensions of the Sun 
and Stars. This quantity it is that is affected by personal 
error and possibly by the effect of the Sun on the instrument. 
Under a perfect system of discussion it would be advisable to 
determine it separately for each observer. This however was 
practically impossible. 

Solution of the equations . 

12. For the purposes of forming and solving the normal 
equations, the eqh^lo^S condition were divided into groups 
of generally from four to eight years; the exact lengths of 
which will be seen from the following exhibit of results. The 
equations for each period were solved on the supposition that 
the corrections were constant during the period. Thus every 
separate result is independent of every other, except so far as 
they may depend on the same instrument or the same observer 
at different times. 

The first column shows the years through which the obser- 
vations extend. 

The second one shows to the nearest year the value of T — 
that is, the fraction of the century after 1850. 
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121 

The third column shows the value of or that factoi which, 
being multiplied by the adopted mass of V enus, is to be applied 
as a (onection to that mass, to obtain the value given by the 
obsei vations 

All systematic errois atising fiom the instrument and the 
obsor vei are so completely eliminated from the sepaiate de 
teimmations of // that they may be legauled as absolutely 
independent of each othei, that is — as not iflected by any 
common systematic eiroi 

We have next the relative weight assigned to each value 
of ju', which is determined m the usual way from the solu 
tion, and is, therefore, on a different scale for different ob 
servatones 

Next is given the value of e, or the apparent cofrection to 
the Right Ascension of the Sun, relative to the assumed Right 
Ascensions of the Stars, is gnen by obsciv itions duiing the 
.sevei il periods and expressed m seconds of arc, followed by 
the weights assigned to the sepaiate results 

The next two columns, the corrections to the solar eccen 
tricity and to the longitude of the perigee, require no furthei 
explanation 

Respecting the weights ultimately assigned to these quanti 
ties, and to c, it is to be remarked that they aie the result of 
ludgment more than of computation It is only possible to 
enumerate in a general way with some examples the consider 
atnms on which they are based 

In assigning the weight of o the number of observers en 
gaged is an important factoi m dctei mining it Otliei factors 
are the steadiness of the atmosphere and the adaptation of the 
instrument to this particular work General consistency is 
an important factor m the assignment In this respect the 
Cambridge observations are quite remarkable, it their excel 
lence corresponds to their consistency they must be the best 
ones made 

It will be seen that Pia/zi’s results are thrown out en 
tii cl y The wide range of lus values of c led to the inquiry 
whether mote consistent results would be obtained by taking 
shorter periods, but it was found that the values of o varied 
from time to time in such ail irregular way that Ins instrument 


22 


OBSERVATIONS OF THE SUN. 


[12 


must have been affected by some extraordinary cause of error, 
unless some mistake has been made in interpreting or treating 
the observations. 

The Oxford values of c are unusually discordant. The pre- 
sumption that this discordance arises mainly from the special 
personal equation in observations of the Sun, described on 
page 17, derives additional weight from the greater relative 
consistency of the values of 6e" aild e"Sn". I have therefore 
allowed the values of these quantities to receive a fair weight. 

The value of c for Paris, 1866-’70, lias received a much re- 
duced weight, solely on account of its excessive value. It 
seems that the work of one observer who made many observa- 
tions during this period was affected by an unusual system- 
atic error. 

Results of observations of the Sun’s Right Ascension. 

GREENWICH. 


Years 

T 


W 

* 

w 

6 e " 

e " i . Stt" 

10 

I75o- } 62 

- 94 

— 027 

20 

a 

+0 33 

1 5 

a 

+0 04 

ii 

— 0. 42 

2 

i 765-71 

- 82 

— 041 

10 

+0 37 

0.5 

— 0. 08 

—0 64 

I 

I 772 -’ 7 S 

- 75 

— . 022 

10 

+0 74 

0.5 

— 0 16 

— 0. 49 

I 

1779 - 85 

- 68 

-•035 

5 

+2 89 

0. 2 

—0 18 

—0. 73 

0 5 

1786^92 

- 61 

— 037 

8 

+ 1 51 

0 2 

—0. 12 

— 0. 88 

0 

1793-97 

~-55 

— . 1 14 

5 

+1 87 

0 2 

—0. 22 

— 1 27 

0 

i798-’o2 

-.50 

4- 060 

5 

+ 1. 02 

0. 2 

— 0 42 

x 15 

0 

1803-06 

-•45 

— . 002 

5 

+0.27 

0 2 

—0. 03 

—1.03 

0 

1807-’ 10 

— 4 i 

- 068 

5 

— 0. 34 

0. 2 

-0 32 

— 1. 12 

0 

r8n- , i4 

— 37 

— 095 

3 

-3 33 

0. 2 

+0. 17 

— 1 08 

0 


-•33 

—.052 

6 

— 1.99 

0-5 

—0. 12 

— 0. 34 

0 

1 81^22 

, rA 29 

+ .010 

6 

—0.51 

1 

+0 22 

—0 19 

1 

1823^26 

' — 25 

‘ — *954 

6 

-~a.o8 

1 

+0 05 

—0. 17 

1 

i82/-’30 

— . 21 

—.045 

6 

1 — 0. 42 

1 

—0. 09 

-0 75 

1 

1831-34- 

~ 17 

+ 016 

7 

+0.76 

1 

+0. 04 

—0. 27 

1 

1835-38 

~ *3 

-j- 020 

8 

-j-i. 16 

1 

-j-o. 26 

4*0.06 

2 

i 839-’42 

- 09 

+ 061 

8 

+0. 84 

1 

+0.32 

|-o. 10 

2 

i% 3-’46 

- 05 

— 008 

8 

+0 15 

2 

+0. 25 

4-0 22 

2 


—.01 

— 045 

8 

— 0 10 

2 

+0. 28 

4-0. 02 

3 

IS 5 I -54 ' 

+' °3 

+.024 

8 

—I - 0. 40 

3 

+0. 22 

4~o. 02 

3 

18 SS-’ 5 S 

+ 07 

— 032 

9 

+0 36 

3 

+0.15 

-j-o 02 

3 

1859-62 

+ n 

— 043 

9 

— 0 02 

3 

+0. 25 

-j-O 22 

4 

1863^66 

+ 15 

— 016 

8 

+ 0 - 3 * 

3 

+0. 23 

—0 05 

4 

X867- 70 

+ 19 

-f.031 

8 

+°- 35 

3 

+°-33 

—0 10 

4 

1871-74 

+ 2 3 

+.021 

8 

+0, 12 

3 

+0. 24 

+0 os 

4 

i875-’78 

+ 27 

— 008 

8 

— 0 12 

3 

+0, 26 

+0. 06 

4 

1 87 9-’ 82 

+- 3 1 

+.017 

8 

— 0. 0^ 

3 

+0. 21 

+ 0 . 14 

4 

1883-’ 88 

+ 36 

+. 001 

13 

—0. 20 

3 

+0 18 

-j-o. 07 

4 

1889-’ 92 

+.41 

— . 025 

8 

-0. 44 

2 

4*o 24 

-j-o II 

3 
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Results of observations of the Sun’s Right Ascension — Continued 


PARIS 


Years 

T 

U f 

1 

• 

u 

eft" 


7U 

1801-07 

- 46 

— 025 

H 

// 

-1 78 

0 5 

// 

+0 08 

11 

— 0 23 

I 

i8o8-’i5 

- 38 

-1- 015 

17 

—0 65 

0 5 

— 0 01 

-|*o 12 

I 

1816- 22 

~ 3 1 

— 050 

H 

4-0 18 

0 5 

— 0 13 

+0 3 2 

I 

1823-29 

— 24 

— 050 

10 

-j-o 01 

0 5 

—0 0 i 

— O 02 

I 

1 837 -’44 

— 09 

— 034 

19 

+0 33 

1 

— 0 04 

4-0 10 

* 5 

1845-s 2 

+ 01 

-1- 009 

15 

+0 10 

1 

+0 04 

-j-o 10 

1 5 

185 , -’59 

+ 06 

+ 014 

15 

— |— 0 66 

1 

— 0 04 

+0 32 

2 

1800- 65 

+ 13 

+ 003 

10 

+0 38 

1 

+0 07 

4-0 26 

2 

i866-’7o 

+ 18 

000 

7 

+2 29 

0 3 

+0 13 

+0 40 

2 

1871-79 

+ 2 5 

+ 048 

11 

— 0 26 

1 

— 0 06 

4-0 22 

2 

1880-89 

+ 35 

-j- 002 

14 

+0 44 

1 

+0 24 

-j-o 03 

2 


PALERMO 


1791-96 

- 56 

— 079 

0 

a 

— 0 07 

0 

a 

— 0 06 

— o' 85 

0 

1197 -ox 

- 5 i 

— 1x6 

0 

—2 33 

0 

— 0 29 

—0 28 

0 

i8o2-’o5 

— 46 

— 001 

0 

-3 ” 

0 

—0 05 

—0 76 

0 

i8o6-’i2 

— 4 i 

+ 243 

0 

+5 92 

0 

—1 17 

+ 1 55 

0 


CAMBRIDC E 


1 828-’ 34 
1835-40 

— 21 

+ °°7 

l6 

— 0 "13 

2 

-j-o 08 

// 

4-0 12 

4 

— 12 

~ 033 

14 

—0 18 

2 

-j-o 06 

— 0 06 

4 

1842- 47 

1 850-’ 58 

— °5 

— 026 

9 

—0 21 

2 

-j-o 08 

— 0 12 

4 

+ °4 

— 024 

20 

—0 11 

2 

+0 17 

— 0 04 

4 


WASHINGTON 


1846- 52 

— 01 

— °j8 

5 

—o' 85 

2 

4-0 20 

n 

0 00 

3 

i86i-’65 

+ 13 

— 038 

8 

- 0 53 

4 

-j-o 01 

0 00 

5 

1 866-43 

4- 20 

— 004 

13 

—0 22 

4 

-j-o 18 

-0 03 

6 

1 874-’ 8 1 

-j- 28 

- ° 3 o 

12 

-0 45 

4 

4-0 07 

—0 16 

5 

1882— ’9 1 

+ 37 

- 002 

17 

—0 79 

4 

-j-o 07 

—0 07 

5 


KONIGSBERC 


1816-23 

— 30 

4 - 002 

13 

a 

+0 3 ° 

1 

// 

+0 07 

a 

— 0 28 

3 

1824-’ so 

— 23 

— 006 

12 

4-0 02 

1 

—0 16 

4*0 11 

3 

1S3 1— ’38 

— 15 

— 021 

15 

+0 23 

1 

— 0 12 

+0 03 

3 

1839-45 

— 08 

— 021 

12 

+0 77 

1 

4-0 08 

+0 20 

3 
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Results of observations of the Sun's Right Ascension — Continued. 

OXFORD. 


Years 

T 


w 

t 

w 

ie" 


w 

i 840- 5 49 

— °5 

— .043 

12 

u 

+2 49 

0. 3 

// 

~|~o 24 

u 

— O 1 7 

2 

i860- 5 68 

+ 14 

4- 042 

13 

+ 1. 96 

0 3 

-j-0 08 

—O 13 

2 

1869-70 

+ 23 

" 4 “ • °54 

15 

4~o. 92 

0.3 

-j-o 20 

— O 04 

2 

1 880— 5 8y 

+•34 

— . 014 

9 

—0.31 

0 3 

4-0. 27 

+0.64 

2 


PULKOWA 


“ 04 

+.047 

1 1 

// 1 

4-1 20 I I 

n 

— O 12 

11 

4-0. 20 

3 

4-. l6 

4- 002 

10 

— O. 40 I 

I 

+0. 05 

4-0 28 

3 


DORPAT 


1823-’ 30 
1831^38 


— 2 3 

4- 021 

9 

a 

+0- 36 

1 

II 

—0 12 

11 

— O 22 

2 

-.15 

008 

6 

+0 45 

I 

4-0. 02 

+0. 03 

2 


CAPE OF GOOD HOPE. 





n , 


n 

n 

+ 37 

— . 026 

12 

—0. 36 

l 

3 

+0 02 

-j-o 01 


STRASSBURG 






a 

U \ 

II 

1883— *88 

+ 36 

— . 014 

12 

-..6 S 

2 4-0. 23 ! 

+0. 09 


The mass of Venus . 

13. The mean results for the mass of Yenus given by the 
work at the several observatories are shown as follows: 

TJie probable error, where given at all, is that derived from 
the discordance of the separate individual results at the par- 
ticular observatory. In some cases there are only one or two 
results; here no probable error could be assigned. 

w f is the sum of the weights of the result at each separate 
observatory, as given by the equations of condition. Were 
all the observations of equal accuracy, these would be the 
weights to be assigned to the separate results. Such not be- 
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mg the case, we choose for the actual weights certain numbers, 
founded partly on a compromise between the mean errors fol 
lowing each lesult or upon the values of w', partly on a judg 
ment of the accuracy of the observations 


Values of fx' fm the mass of Venus 


Greenwich _ _ 

Paris 

Komgsberg . _ 

Cambridge 

Dorpat __ _ 

Pulkowa __ 

Oxford _ 

Washington _ 

Cape __ _ 

Strassburg _ _ __ 


!>' 

W 

' 

— 015J- 006 

226 

II 

— 007 -J_ 009 

146 

5 

— OI 2 -J- OIO 

52 

3 

— 018J 009 

59 

6 

+ 016 

15 

1 

+ 025 

21 

1 

-|~ OI4-I-. 023 

49 

1 

— 018J- 009 

55 

4 

— 026 

12 

1 

— 014 

12 

I 


Using the weights m the last column, we have for the mean 
result 

- 0118 ± 0034 

The mean error -t 0034 is that given by the discordance of 
the separate lesults of the preceding table 

Corrections of relative Right Ascensions 

14 The true values of the remaining quantities e, 8e", and 
e"8n" are to be regarded as increasing umfoimly with the 
time and therefore of the form 

M-T y 

Here T is the time, and in the treatment of these particular 
equations it is counted from 1850 in units of one century, so 
that x is the value of the correction at this mean epoch 

The quantity designated by c is the same which, elsewheie 
in this discussion, is represented by 61 + <*, so that 


c = 61" + <>t 


I shall, however, lor convenience, continue to use the designa 
tion c, or <r+T y 
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As tlie observations at Greenwich and Paris extend over 
longer periods than at any other observatories, I shall first 
solve them separately. The totality of the Greenwich obser- 
vations give for c the following normal equations and solution : 

43.4 a? + 1.65 y = + 4".23 
1.65 + 4.24 = - l /7 .25 

x = + 0"11 
y = - 0 77 .34 

Those at Pans give the equations and solution 

8.3# + 0.04c y = + 1 77 .22 
0.04 + 0.48 = + 0 77 .77 

x = + 0 7/ .14 
y = + l /7 .59 

If we combine all the other results into a single set of normal 
equations, we have 

40.2 x + 4.26 y = - 10 77 .84 
4.26 + 2.20 = - 3 /7 .98 

x = - 0 /7 .10 
y = - 1 77 .62 

It will be seen that the results for y , the secular motion, are 
markedly discordant. Indeed, if we refer to the exhibit of 
results, p. 23, we shall see that the values of c are much more 
discordant than those of the other two quantities. To obtain 
a definite value, founded on all the observations of the Sun’s 
Right Ascension, I do dot see that any better result can be 
obtained than that found from a general solution of the com- 
bined normal equations. The equations and their solution are 
as follows : 


91.9 x + 5.95 y = — 5 77 .39 
5.95 + 6.92 = - 4 77 .46 


or 


x = - 0 /7 .02 
y = - 0 77 .63 

61" + a = - 0 77 .02 - 0 77 .63T 
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Collections to the solar eccentricity and perigee 

15 I have already mentioned the remarkable consistency 
of the corrections to these elemeuts given by the results at 
different observ atones and at different epochs The eccen 
tricity is more consistent than the perigee One cause for 
thib, the consideration of which will tlnow some light on the 
lelative merits of the observations, is that the enoi of Eight 
Ascension depending on the Decimation of the ob)ect observed 
effects the eecentncity less than the perigee It is well known, 
from a comparison of the results, that the systematic difer 
ences in the Eight Ascensions of diffeient star catalogues 
vaiy somewhat with the Declination Now, since the Sun’s 
Declination goes through an annual period, it follows that this 
erroi will produce a systematic effect on both the eccentricity 
and the perigee Eut the effect will be much largei in the 
case of the latter element than in the case of the foimer, 
because of the neamess of the perigee to the winter solstice, 
the difference being only some 10° oi 12° Consequently the 
extreme coefficients m the correction to the eccentricity have 
neaily the same values, with opposite signs, for the same I.)ecli 
nations in different seasons of the year But it is different 
with the perigee The coefficient of tins quantity is negative 
from October until March, when the Sun is in south Dechna 
tion, attaining its maximum value about January 1, while it 
is positive during the remaining months when the Sun’s Deck 
nation is north, attaining its maximum value about July 1 
A systematic difference in the errors of Eight Ascension will 
theiefore produce its full effect on the longitude of the perigee, 
while its effect on the eccentricity will be but slight 
In this connection, the very large negative values of the cor 
rection to the pengee during the period when the old Green 
wicli tiansit instrument was in use aie quite remarkable 
The progressive change in the value of c is albo remaikable m 
this connection It is to be remarked that the new transit was 
mounted m 1816, but account was not taken of this fact m 
giouping the equations lienee it is only from the year 1819 
that the results of the table are derived wholly from observa- 
tions with the new mstiument The anomaly alluded to is 
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then seen to disappear. The fact that the abnormally large 
corrections in c are positive before 1800 and negative after it, 
while e" dn" is abnormally negative through the doubtful 
period 1765-1815, complicates the theory of these errors. I 
have not been able to consider them in detail, but have simply 
rejected the results for de n and e n dn" from 1786 to 1818, hav- 
ing given them a gradually diminishing weight frdm Brad- 
ley’s observations to the first epoch. 

As in the case of e, I have made a solution for Greenwich 
alone, Paris alone, the other observatories combined, and all 
combined. The results are shown as follows : 

1. Prom Greenwich observations: 

Se" e"8it" 

54.5 a; +- 2.73 y = + 11" .14; - Q".88 

2.73 +5.72 =+ l".82;+2"69 
. x=+ 0".19 ; — 0".04 

y=+ 0"22; +0".49 

2. Prom Paris observations : 

8e " e"d7t" 

17.0 a? 4- 0.392/= + 0"30; +- 2" 95 
0.39 + 0.99 = + 0"29; + 0"33 
#= + 0"01; 4- 0 // .17 

1 + 0 7/ .29; 4-0 // .27 

3. The equations and results from all the other modem 
observations are — 

8e" e"dit" 

77.0® + 4.99 y= + 5"58; + 0".35 

4.99 + 3.68 = + 1".09; + 0".40 
x = + 0".06; 0".00 

y = + 0".22; + 0".05 
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4 Finally, if ive combine all tlie equations, we have — 


6e" e"Sn" 
148 8 lly = 4- 17" 02, + 2" 42 

81 4- 10 39 = + 3" 20, + 3" 42 

i = + 0"10, 0"00 

y = + 0" 23, + 0" 33 


In the case of the eccentnuty the general accoidance is 
quite satisfactory, and fox the perigee it is much better than 
m the case c, the relative Eight Ascension 

Results of observed decimations of the Sun 

16 The Sun’s absolute longitude can be found only from 
observations of his decimation, because this longitude is 
lefeired to the equiuox, vhich is defined only by the Sun’s 
ciossing of the equatoi 

The collections to the eccentricity and perigee, as just found, 
are so slight that they may be neglected in determining the 
correction of the absolute longitude from that of the declina- 
tion Thus, as already stated, the unknown quantities of the 
equations given by the decimations are the conections of the 
mean longitude l", and of the obliquity e, and a constant A<), 
peculiar to each observatory, of which we take no further 
account The equation of condition given by each observa 
tion oi group of observations is 

/Id + A sm edl" + Brte = dd 

where dd is the excess of the obsei ved over the tabular decli- 
nation, and 


A = cosec s 


dd 

(IX 


= cos a 



30 


OBSERVATIONS OF THE SUN. 


[16 


The equations are grouped and solved for periods, as in the 
case of the Eight Ascensions, with the results shown in the 
following table: 


Results of observations of the Sun’s Declination . 


GREENWICH. 


Years. 

T 

61 " 

w 

< 5 e 

w 

46 

3 / e 

w 

1753-57 

— 95 

// 

+0 78 

I 

// 

— o- 34 

I 

// 

—2. 43 

// 

— 0. 34 

I 

1 758-’ 62 

— 90 

+1 so 

I 

—1. 81 

I 

—1 94 

— i. 81 

I 

1765-70 

— 82 

—O 23 

I 

-0 95 

O 5 

+0 20 

—0 95 

0.5 

1771-78 

— . 75 

+0.48 

I 

—0 93 

0.5 

+1.25 

—0 93 

0 5 

1779-85 

— 68 

+1 23 

I 

— 1 09 

0 5 

—0 99 

— 1 09 

0 5 

i786-’9i 

— 61 

+0.48 

I 

—0 50 

0 3 

fo IS 

— 0. 50 

°. 3 

1792-97 

-•55 

+ 1. 12 

I 

—0. 70 

0. 2 

— 0. 35 

— 0 70 

0 2 

1798-03 

1804-10 

—•49 

+0. 41 

I 

— 1 02 

0. i 

— 0. 10 

— T.02 

0. 1 

— • 43 

4-o. 18 

I 

—1. 41 

0. 1 

—0 84 

7-1.41 

0. 1 

1812-16 

— 36 

—0 15 

3 

— 0-53 

3 

-f-o, 48 

—0- 53 

3 

i8i7-’22 

- 30 

—0 41 

3 

+0 03 

3 

40 40 

4 °* °3 

3 

i823- , 28 

-.24 

4 -o- 43 

3 

— 0 10 

3 

40 08 

— 0 10 

3 

i 829-’34 

— . 18 

— 0 08 

3 

+0. 21 

3 

+0 25 

4o. 21 

3 

1835-40 

— 12 

— 0 12 

3 

— 0 20 

3 

4 ° 37 

—0 13 

3 

1 84 1-’ 46 

— . 6 

+0 21 

3 

4 -o 13 

3 

40 47 

4o. 12 

4 

1847-52 

0 

+0- 25 

4 

0 -00 

4 

— 0 24 

—0. 15 

4 

i 853~58 

4. 6 

+0 55 

5 

+0. 18 

5 

— 0. 26 

— 0 05 

5 

1 859-’ 64 

+. 12 

+0 03 

5 

4-o 28 

5 

— 0 46 

40. 12 

5 

1 865-’ 70 

+ 18 

—0 23 

5 

—0 15 

5 

40.05 

—0 36 

5 

1 87 1-’ 76 

+ 24 

—0. 15 

5 

+0. 26 

5 

40. 16 

—0 16 

5 

i877-’82 

-f 30 

O 90 

5 

4-o. 22 

5 

4 o 34 

40 08 

5 

r 883-’ 88 

+ 36 

— 0 27 

5 

+0 33 

5 

—0 14 

4° 02 

5 

1889-92 

+ 41 

— 0 05 

3 

+0. 19 

3 

4 - 0.13 

0. 07 

3 


PARIS 


1800-03 

-.48 

40 01 

I 

— 1. 93 

I 

—0. 45 
—2 02 



1804-07 

— •44 

-f-o. 70 

I 

40 82 

I 



iSo8-’io 

— 41 

42 66 

I 

4-i. 60 

I 

—0 95 



1811-15 

—•37 

—0 92 

I 

— 1 20 

I 

—1. 18 



1816-21 

—• 3 i 

+0 58 

I 

41.68 

I 

— 1. 42 



1822-28 

—.25 

+-1 09 

3 

4 -o 39 

3 

— 0. 01 



1837-42 

— . 10 

+0 79 

3 

—0 15 

3 

40.40 



1 843-’ 48 

-• 4 

+0. 43 

3 

—0 03 

3 

40 19 
+ 1-34 

41 22 
4-°. 12 



1 84 9“’ 5 4 

+ l 

+1 19 

2 

— 0. 01 

2 



1 85 5-’ 60 

4. 8 

+0 35 

3 

— 0 02 

3 



1861-66 

4 - H 

+ 1-35 

3 

0 00 

3 



1867-72 

4 * 20 

+0 3i 

2 

—0 67 

2 

40 10 



1 873 - 77 

+•25 

—0 59 

2 

-fo 04 

2 

41*01 



1 878-’ 83 

1 884— ’89 

4 - 3 i 

— 0. 09 

2 

—0 32 

2 

40.58 



+ •37 

~o. 80 

2 

-fo 32 

2 

+0.78 
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Remits of observations oj the Sun’s Decimation — Continued 

PALERMO 


Years 

T 

6Z" 

W 

St 

w 

AS 

S / E 

W 

1791-0% 

1 804-’ 1 3 

— 53 

— 41 | 

// 

— 1 46 
+1 70 

0 0 

// 

—0 95 
— 0 52 

— 

// 

+0 78 
+0 42 

// 

—0 95 
—0 52 

0 0 


CAMBRIDGE 


1833-38 

— 14 

— 0 21 

2 

-0 33 


+° 59 

-0 54 

1 1 

*839 ’44 

— 08 

+0 3* 

2 

— 0 20 


+0 29 

1 — 0 41 

! 1 

1847-53 

00 

-fO 21 

2 

+° 3* 


— 0 }2 

! +0 10 

1 

*854-58 

4- 06 

—O 15 

2 

+0 34 


— 0 4 2 

+0 13 

1 


WASHINGTON 


1 846-’ 49 

— 02 

—0 28 

4 

i86i-’66 

+ 14 

—0 11 

4 

i867- , 72 

+ 20 

+0 74 

4 

i 873-’78 

+ 26 

—0 58 

4 

1 879-’ 84 
I885-9I 

+ 3 2 

—0 31 

4 

+ 38 

— 0 02 

4 


—0 73 


-0 47 

—0 81 

2 

—0 43 

_ _ 

45 

—0 25 

2 

39 

- 

+0 28 

—0 51 

2 

— 0 32 

_ 

-j-0 IO 

—0 45 

2 

—0 60 

- _ 

—0 35 

— 0 72 

2 

—0 05 

— 

— 0 20 

— 0 18 

2 


KONIGSBERG 


1815 __ 

l820-’23 

i824-’27 

i828-’3i 

J832-’34 

i 837-’44 


— 35 






— I 07 

o 5 

— 28 

— O 14 

2 

—0 22 

_ 

—0 59 

— 0 47 

1 

- 2 4 

+° 65 

2 

+0 49 



— 0 60 

4-0 24 

1 

— 20 

-f-l 08 

2 

+0 09 

- - 

— 0 64 

—0 16 

1 

^ 17 

—0 72 

2 

—0 15 

' 

—1 32 

— 0 40 

1 

— 09 

— 0 66 

2 

—0 62 


— 2 24 

— 0 87 

r 


OXFORD 


i840- , 4t 
1846-51 
i86i~’66 
1867-72 
1 873-76 

i 88 o -’83 

1884-87 


— 07 

+0 79 

2 

+0 42 


+0 07 

4-o 22 

0 2 

— 01 

+° 35 

2 

! -j— 0 4® 


+0 89 

4-o 20 

0 2 

+ *4 

+° 36 

2 

— 0 81 



+0 10 

—1 01 

O 2 

-f* 20 

— 0 16 

2 

—0 24 



+0 29 

—0 44 

O 2 

+ 2 5 

—0 38 

2 

—0 33 



+0 29 

— 0 53 

O 2 

+ 32 

—0 43 

2 

+0 12 



— 0 17 

—0 08 

O 2 

-f- 36 

— 0 24 

2 

+° 23 

— 

— 0 19 

+0 03 

O 2 
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Results of observations of the Sun’s Declination — Continued. 

PULKOWA. 


Years 

T 

6!" 

w 

fie 

W 

Afi 

<J'e 

W 



// 


// 


/f 

// 


l 842-’45 

—.06 

+0 82 

2 

—0 35 


—0 01 

—0 35 

1 

i 846-’49 

— 02 

— 0 10 

2 

— 0 48 


+0 07 

— 0 48 

1 

i86i-’65 

+ 13 

—0 S3 

2 

— 0. 48 


—0 30 

—0 48 

1 

1866-70 

+.18 

+0 27 

2 

—0. 31 


— 0. 38 

—0 31 

1 


DORPAT 


i823-’28 

— . 24 

+0 99 

2 

— I 26 


+° 59 

— I 41 

I 

i829-’32 

— .19 

+0. 99 

2 

—O 76 


+1 34 

—O. 91 

I 

1833-38 

— . 14 

+ 1. 00 

2 

—O 63 

j 

H-i -34 

—O. 78 

I 


CAPE OF GOOD HOPE. 


1 884-’ 87 

1 888-’ 90 


+ 36 

—0.51 

4 

+0 05 


+0 II 

— O 07 2 

+•39 

— 0 84 

4 

+o- °9 


+° 19 

— O. 21 2 


STRASBURG 


1 884-’ 88 

+ 36 

—0 57 

4 

—0 05 


— 0. 77 

-fo 12 

2 

LEIDEN. 

l864-’69 

+ 17 

+0- 14 

4 

— 0 01 


+0 27 

—0 24 

2 

i87o-’76 

+• 23 

— 0. 23 

4 

—0.06 


—0 04 

—0 29 

2 


Correction to the Sun’s absolute longitude 

,17. So far as mere instrumental measurement is concerned, 
the correction S e should he determined with greater precision 
than 6l n in the ratio 5:2, because the errors in declination 
have to be divided by the factor sin e = 0.40, in order to form 
d V Allowing for this large increase in the source of error, 
the values of 6 l n are more accordant than those of d s. This 
is what we should expect. The values of the former quantity 
depend mainly upon the comparison of observations made 
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near the opposite equinoxes, when the sun has the same decli 
nation, and when the season ns not gieatly different Indeed, 
if the season changed exactly with the sun’s decimation, all 
effects of annual change of temperature would be completely 
eliminated fiom dl", as would also m any case any constant 
eiroi which is a function simply of the Sun’s Decimation It 
is tlieiefoie to be expected that the actual pi obable error of 
this quantity will conloiin more neaily to that determined from 
the lesiduals than m the case of the other 
For these leasons the value of SI" does not give use to 
much discussion The general result fiom all the obserca 
tones is, for 6 1 ", when developed in the foiru x + y T 

, x = + 0" 05 
y = - 0" 07 

Obliquity of tin icOptic 

18 The deteinnnation ot the obliquity rests upon an essen 
tially diffeient basis from that of the absolute longitude, in 
that it depends upon actual differences of measuied Declina 
tions, which differences are still further complicated by the 
fact that they are necessarily made at opposite seasons A 
more detailed discussion ot them is theiefore necessary, and 
some modification may have to be made m the separate results 
as adopted The following special circumstances affecting the 
obseivations ne to be taken into consideration 
The Headley Gheenwicli insults for 17 r >3-’02, are denved 
from a manuscript communicated by Dr Auwpes, containing 
the results of his very careful reduction of Headley’s ob 
served Declinations of the Bun, which were compared with 
Hansen’s tables The coirections were reduced to those of 
Leveeeier’s tables by being computed at intervals suffi 
ciently short to permit of the i eduction being interpolated with 
all necessary precision Ho reduction was ipplied either on 
account of the constant euor ot the Decimations determined 
by Dr Auwees himself, noi for reduction to the Boss system 
of standard Declinations Hence arises the laige value of Ad 
given by these Dec filiations Consequently the value of ds is 
5690 N ALM 6 
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that given immediately by the instrument, on the system of 
reduction adopted by Dr. Auwers, in which I have supposed 
that the Pulkowa refractions were used. 

From 1705 to 1816 the Greenwich observations were made 
with the imperfect quadrant, the Decimations of which are 
subjected to an error which is not constant. The neces- 
sary corrections are derived by S afford in Yol. ii of the 
Astronomical Papers. The corrections are those necessary to 
reduce to Boss’s system, and they vary with the Declination. 
Hence the arc on which the obliquity depends is not that 
measured with the instrument itself, but that so corrected as 
to reproduce as nearly as may be the standard Decimations. 

From 1812 onward the two mural circles were used. Up to 
1830 no correction except the constant one derived by Saf- 
ford was applied to the Declinations as measured with these 
instruments. Hence the arc of obliquity is that measured 
with the instrument itself without being corrected by the 
standard stars. 

After 1830 the Declinations were corrected by the tables for 
Greenwich given in Boss’s paper. These corrections vary 
somewhat with the Declination, and they are different also 
for different periods. Hence we have here a period during 
which the instrumental differences of Declination were cor- 
rected to reduce them to the standard star-system. 

If the standard system were subject to no further error than 
a constant one, common to all Declinations within the zodiac, 
Yhich common correction would be subject to a uniform change 
with "the time, this system would doubtless be the best one to 
adopt in order to obtain the secular variation in the obliquity 
of the ecliptic. But, as a matter of fact, the standard Decli- 
nations are simply the mean results of Declinations measured 
with different instruments. It is, therefore, a question whether 
we shall get any better results by applying reductions to a 
standard system than we should get by simply taking the 
mean of the instrumental results, because the system is itself 
only a mean of such results. It is true that the standard sys- 
tem depends on more instruments than the obliquity, though 
not on better ones,* but it is also to be considered that the 
reductions in the case of the Sun may be different from those 
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m the case of the stais, owing to the very different conditions 
m which the obsen ations are made 
Another troublesome point arises fiom the refraction used 
m the i eductions The effect of refraction is always to make 
the mcasuied obliquity less than the actual one, the corrcc 
tion to the obliquity on account of refraction is therefore a 
positive quantity, which is a minimum foi an observatoiy at 
the equator and increase equally tow ucls each pole Some 
values of the obliquity weie derived from Bessel’s 1 enactions 
of the Tabulce Reqwmontarid , and others fiorn the Pulkowa 
tables Since the secular vanation ot the obliquity is more 
impoitant than the absolute value of the quantity, it is essen 
tial that the standard to which all determinations of the ob 
luputy are reduced should be as neaily as possible the same, 
and therefoi e that the same refi action should be used But in 
reductions to standaid stai places we meet \uth the adcli 
tiond complication tint the dittciences m the constant of 
i eh action might be wholly or partially eliminated by the 
recluc tions to a standard system It would theiefoie be a dit 
ficult question how far we should modify the values of da on 
account of the use of different tables of lefraction 
To avoid all these difficulties I have judged it best to make 
the obliquity depend mainly upon absolute measures, the 
reductions being made with the Pulkowa refactions 

Ef<ct of 'refraction on the obliquity 
19 The detei ruination of the average or most piobable effect 
on the obliquity produced by using the Pulkowa lefr actions, 
instead ot those ot the Tabula Rcqumontand , is easily detei 
mined We divide the ecliptic into a number ot equal arcs 
throughout the ycai, and by equations of condition express 
differences ol refraction in terms of differences of Decimation, 
and hence differences of obliquity We thus find that at 
certain latitudes where observations were made, and where 
Bessel’s refractions were used m the reduction, the follow 
mg corrections aie necessary to reduce the obliquity to the 
ones given by the Pulkowa refractions 

Pulkowa, (p = 590 Aa = - 0" 925 

Gieenwnh, <p=51°5, Ae = — 0 7/ 20 
Washington, <p = 3S° 9, Af=s~ 0" 125 
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Hence I conclude that for 

Dorpat; = - 0".29 

Konigsberg; At = — 0".26 
Cambridge; At — — 0".21 
Cape Town; At = — 0".12 

The corrections to the obliquity thus derived, depending 
mamly ou direct instrumental measurement, and reduced to the 
Pulkowa refractions, are designated as 6't. The results for this 
quantity are given m the last column of the several tables. 

In the case of Bradley’s Greenwich results, I have taken 
as 6't Dr. Aitwers’s results unchanged, assuming in the 
absence of any specific statement that he has used the Pul- 
towa refraction tables. 

In the case of Maskylene’s observations, 1 have, by excep- 
tion, used them as reduced to the standard star-system, 
because we have no other results at these times, and the on or 
of his instrument is so strongly shown that it would not do to 
use the results unchanged. It will be seen, however, that 
small weights are assigned, and that the weights diminish 
towards the end of the*series. 

In the case of the Greenwich observations from 1812 to 
about 1834, no change has to be made, as the results are gen- 
erally or always purely instrumental, and Pulkowa refractions 
are used in Safford’s work. 

Prom 1835 onward I have depended mainly on certain cor- 
rected Greenwich reductions. First, for S'f, I have used the 
results given by Mr. Christie in his very valuable paper on 
the Greenwich Declinations, in M. K. A. S., Vol. XLV, where 
the Declinations from 1836 to 1879 are reduced on a uniform 
system. Bater, I have adopted the corrected lesults given in 
Appendix III to the Greenwich observations for 1887. In 
each case the result has been reduced to the Pulkowa refrac- 
tions. 

The Paris results rest on a different basis from the others, 
in that the zero point of the instrument depends wholly upon 
Leverrier’S Declinations 'of the stars, and I fear it was not 
always accurately determined. Observations near the winter 
solstice are mostly referred to one set of stars ; those near the 
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summer to another set, the error of which may be systemat 
lcally different Certain it is that the results during the eaily 
} eais weie very discoidant The weights as given m the table 
aie those assigned a priori, without sufficient leference to the 
discordance of the oldei results I have felt constrained to 
evade a decision as to then treatment by entirely omitting 
their results m the final discussion 
In the case of some othei observatones it was difficult to 
determine exactly what lefractions had been used in each 
special case and what reductions should be made I have, how 
ever, determined the collections m the best way I was able 
A precise deteimmation of the secular change m the ob 
liquity is of more importance for oui present object than a 
pri ( ise determination of its amount Hence a series of obsei 
vations extending through a long period of time, and made on 
a uniform system, has an advantage over a number ol isolated 
values, m that any constant enor with which it may be 
affected will be eliminated from the secular vanation Possi 
ble constant diffeiences between the determinations of the 
various observatories at different epochs will vitiate the sec 
ulax variation, hut the probable amount of this error may be 
diminished by using a number of separate determinations, 
such as are presented m the preceding table In the Green 
wicli tiansit circle we have a very uniform series, extending 
over a period of forty yeais, but giving results systematically 
different fiom othei determinations This series gives for the 
coriection to the obliquity 
Transit Circle, 1847- ? 91 

d'e = - 0" 11 A 0" 0(> + ( 0 " 21 ± 0" 4G) T (a) 

Here, in view of the uniformity of method and reduction, 
we may regard the mean error of the centennial variation from 
the discordance alone as a fair appioximation to the probable 
mean error It will be seen that I have heie included four 
yeais (1847- ,r >0) of the Mural Circle results 
Continuing the Greenwich series backward, the question 
arises whether we can regard the results of the mural circle 
from 1812 to 1850 as comparable v ith those of the transit circle 
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There is certainly nothing in the table to indicate any system- 
atic difference. From the combination of the two we have — 

M. 0. and T. 0., 1812- ? 50: 

d's = - 0 77 .08 ± 0 77 .05 + (+ 0 77 .14 ± 0 77 .23) T (1850) . . (b) 

Here 'the mean error is naturally smaller than in the case of 
the transit circle alone, but is now more subject to possible 
systematic difference between the two instruments. 

If we now go back to Bradley, we meet with the very diffi- 
cult question, whether we should regard his results as best 
comparable with the modern Greenwich observations, or with 
modern observations in general. If we assume that the differ- 
ence between the Greenwich and other modern results is due 
to any cause which has remained unchanged since Bradley, 
we should reach one conclusion; otherwise, we should reach 
the other. The result of combining all Greenwich observa- 
tions, with the weights as assigned, is — 


d 7 £= — 0 7/ .ll + 0 77 .50T (c) 

In this combination I have used the weak results of Masjke- 
lyne, with the small weights assigned, although they depend 
wholly upon the standard declinations of stars. In view of 
the discordance between Bradley’s two results, this seems 
the only admissible course. 

Next in the length of time which they include come the Paris 
observations, of which the results, with the- weights assigned, 
are — 


ds = + 0 77 .01 — 0 7/ .36T 

I give this result in order that nothing may be omitted. 
Undue weight has probably been assigned to the earlier 
determinations; in any case the method of deriving it from 
the original observations is so objectionable that no further 
use is made of it. A satisfactory discussion of the observa- 
tions would require a complete redetermination of the zero 
points of the instrument from fundamental stars. 
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If we omit the Greenwich, Pans, and Palermo results, and. 
combine all the others into a single set of equations ot condi 
turn, we have the equations and lesults 

30 9 r + 0 2(> y = — 14" 37 
0 26 +1 bb == + 1" 01 

a = - 0" 39 

?/ = + 0" 59 

Heie t is the value of 6' a for 1800, and y its centennial vana 
tion Transterrmg the epoch to 1850, as usual, the result is — 

S' a = - 0" 45 + 0" 59 T (d) 

No reliable mean eiror can be ( omputed, owing to systematic 
errors In view of these, oiu mode ot tie itment would be to 
toim equations ot condition m which i possible systematic 
eiroi at each obscrvatoiy would appeal is one of the unknown 
quantities By this process we should get the same result 
for the secular variation as if we made an independent determi 
nation from the work of each observatory At most of the 
observatories the period through which the observations are 
made, with one instrument and on an unchanged plan, is too 
short to render such a course advisable 

Asa hist combination, we shall combine the earliei Green 
wich lesults, up to 1810, with Palermo and with all the modern 
results except Paris, first dividing the weights of the Green 
wich results by 2 We then have the equ itums — 

*9 8 j- 18 J}y == - 17" 12 
- 1 8 + 3 47 = + 2" 99 

a? » - 0" 40 

y = + 0" 05 ( e ) 

Concluded >cmlt v for the obhqmty 

20 The data on w hie li these vai ions results for the obliquity 
lest show tin following noteworthy featmes 

(1) That the conection given by the modem Gieenwich 
instruments, muial and transit circles, is markedly gieater 
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than that given by other modern observations. This may be 
most plausibly attributed to the atmospheric conditions 
within the observing room. 

(2) The minuteness of the change of the correction given 
by these instruments during nearly eighty years. To this 
circumstance is due the smallness of the centennial variation, 
0 y/ .o0, found from the totality of the Greenwich observations. 
A comparison of Bradley with the mean of the T. 0. results 
only would have given a change of 0 y/ .97 in 117 years, or a 
centennial change of about 0 // .80. 

The long period, uniformity of plan, and systematic devia- 
tion of the modern Greenwich observations lead me to consider 
them as forming a series distinct from all others. We have 
therefore the following two completely independent determi- 
nations of the centennial variation : 


(1) Modern Greenwich results : y = + 0 y/ .14 ± 0 yy .23 

(2) All other results 4. 0 yy .65 

To the latter no reliable mean error can be assigned. To 
judge its reliability we may compare it with the results (a), (<?), 
and (d) — 

Greenwich T. 0., alone, + 0 /y .21 ± 0 /y ,46 

Greenwich observations in general, + 0 y/ .50 
Miscellaneous modern observations, + 0 y/ .59 

We hia y. It would seem, fairly give double weight to the 
result (2), thus obtaining, as the definite result from observa- 
tions of the Sun alone: 


Correction to Leverreer’s centennial variation of the obliq- 
u% of the ecliptic (- 47"594) 

+ 0 y/ .48 ± 0 y/ .30 

the mean error being an estimate from the general discordance 
of the data. 

For the constant part of the correction I take 


d£(1850) = -0 yy ,30 
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Summary and comparison of results 

Fromwli.it precedes we have the following as tlie values 
ie unknow u quantities, anil ot then secul u variations, as 
u by observations ot the Sun alone 


Value foi 

6 (" = + 0 " 10 1 0"01 
e"(67r"+a)= 0" 00 -1 0" 07 

d?" + ar= -0" 02 

61" = + 0" 05 4 0" 12 
6s = - 0" 30 4- 0" 15 


a = - 0" 07 


C ent 

VII 

+ 0" 23 -t 0 /; 10 
+ 0 '' 3 * 1 0 " 12 

— 0" (>3 

- 0 " 07 A 0 " 23 
+ 0" 48 J= 0" 30 
+ 0" *4 


> estimate of the piobable enois of these quantities would 
m till which did not take .u count of the systematic dif 
nos between the lesulfs ot iliileient obseivatones We 
1 therefoie formed tin mean outstanding icsidual (orrec 
1 given by the seveial obsei vatories, as shown 111 the 
>s which follow Originally the scale ot weights used for 
Greenwich observations dul not coi respond to that foi the 
c observatories, they veie, theiefoic, divided by 2 As 
below, however, the change has been made 111 the case 
" by multiplying all the weights of the other obsei vatories 
and, in the case of 6s, by dividing the Greenwich weights 


o collection to the obliquity depends solely on 6's, but 
comparison has also been made with the values ol 6s, 
li, it will be icm.it keel, diflei fiom the others in that 
mt is taken oi the supposed variation of the systematic 
c turn with the declination It is noteworthy that the 
ts are somewhat more accordant when this corns turn is 
ted and purely instrumental errois ire used foi the 
uity 

e mean enois given in the pie< oiling summaiy of results 
linvid li om the disc 01 dames 111 question, and may be 
(led as substantially ie.il 

use was made of the bans insults for 61" and df for 
oason that they depend on declinations referred to star 



42 OBSERVATIONS OF THE SUN. [21 

places which may be affected by differences in different Eight 
Ascensions. They are, however, retained in the table to show 
the amounts of outstanding discordance. 

Outstanding mean residual corrections to quantities depending 
on the Sun’s Right Ascension. 



de" 

e"S7t" 

2w 

Greenwich 

A 0"09 

— 0 77 .03 

54.5 

Paris 

a> 

o 

b 

1 

+ 0 77 .17 

17 

Cambridge 

A 0".02 

0 77 .00 

16 

Washington 

- 0"05 

- 0 7/ .12 

24 

Konigsberg 

- 0"08 

+ 0 77 .08 

32 

Oxford 

+ o /7 .o6 

+ 0 7/ .02 

8 

Pulkowa 

. - 0 /7 .15 

A 0 77 .22 

6 

Dorp at 

- O'UO 

- 0 // .03 

4 

Cape 

— 0"16 

- 0 77 .11 

4 

Strassburg 

Mean errors for 

+ 0".05 

CO 

o 

b 

1 

3 

weight unity 

= A 0" 34 

=t 0".39 


Mean error of x 

A 0 77 .03 

i 0".03 


Mean error of y 

A 0 77 .10 

± 0".l 2 



Outstanding mean residual corrections to quantities depending 
on the Sun’s Declination. 


Greenwich 

SI” 

- 0".06 

w 

64 

Paris 

+ 0".45 

0 

Palermo 

— <)".39 

0 

Cambridge 

o 

1 

8 

Washington 

+ 0".07 

24 

Konigsberg 

- 0".20 

10 

Oxford 

+ 0".14 

14 

Pulkowa 

+ 0".12 

8 

Dorpat 

+ 0".75 

6 

Cape 

- O''. 35 

8 

Leiden 

+ 0" 10 

8 

Strassburg 

- 0".26 

4 


e for weight unity A 0 /7 ,81 


Ss 

w 

S'e 

+ 0".31 

29.6 

-f0".'l7 

+ 0".31 

0 


- 0".20 

0.8 

- 0".20 

+ 0".35 

4 

+ 0".14 

oq 

b 

1 

12 

- 0".29 

+ 0".31 

5.5 

0".00 

+ 0".19 

1.4 

- 0".01 

- 0".13 

4 

- 0".13 

- 0".49 

3 

CO 

b 

1 

+ 0".10 

4 

- 0".02 

+ 0" 17 

2 

- 0".06 

+ ©".08 

4 

+ 0".25 

± 0".74 


± 0".60 


CHAPTER III 


RESULTS OF OBSERVATIONS OF MERCURY, VENUS, AND 

MARS 

j Elements adopted for collection 

22 We first give an outline of the method of expiessmg the 
observed collections to the Right Ascensions and Decimations 
of each of the planets as linear functions of the corrections to 
the tabular elements This linear function forms the first 
member of the equation of condition m its original form, and 
the observed correction forms its second member 
Let us put — 

R, the ladn vectoies of the Earth and planet, 

L, the Sun’s tine longitude, 

J, the inclination of the orbit of the planet to a plane 
passing thiough the Sun’s center paiallel to the 
plane of the Earth’s equator, 

ET, the Right Ascension of the ascending node of the 
orbit on this plane , 

U, the argumentof heliocentric declination of the planet 
or its angular heliocentnc distance from the node 
on the equatoi , 

o', d, the geocentric Right Ascension and Decimation of 
the planet 

s, the obliquity of the ecliptic, 

We shall then have — 


a =/(r R L J 1ST U, *) (a) 

For the correction to the tabulai Right Ascension ausing 
from symbolic corrections to these seven quantities, we have 
the equation — 


d# 


' dJ 


oo -j- 




an d) 

i dot . dot 

+ it sl + « 


SE 
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with a similar equation for the declination, formed from this by 
writing d for a. 

The relations by which these two equations are derived, as 
well as the expressions for the differential coefficients they 
contain, are given very fully in A. P., Yol. II, Part I, to which 
reference may be made. The corrections dlST and £17 are not, 
however, the most convenient ones to choose. It will be found 
in the paper alluded to that they have been transformed by 
measuring the longitude m orbit of the planet and that of the 
perihelion from an arbitrary point in the orbit. As to this very 
convenient device in celestial mechanics, it is to be remarked 
that the u departure point” always disappears from the final 
equations which determine the position of the planet. We 
may, m fact, make abstraction of it by considering that its 
introduction is equivalent to the following simple linear trans- 
formations. 

We put 

W, the distance from the node to the perihelion; 
f) the true anomaly ; 
g, the mean anomaly. 

7 r, the longitude of the perihelion; 

I , the mean longitude of the planet; 
its true longitude; 

these longitudes being counted from the departure point. 

Then we have the relations — 

dU = dw 4 -6f-=dv- cos JdN 
dw = Stc — cos J£N (2) 

d l = d7t + dg 

Hence, 

Si t = dJJ + cos JdN — df 
df=^dg+Mde ( 3 ) 

dg de 

The elements finally adopted for correction by the equations 
of condition were — 


1 n. e. J. N. 
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The value of the mean distance, is known with such pie 
cision that its correction need not enter into the equations of 
condition The lattei aie formed by substituting m (1) 


dU =( 1 — 6n + de + ^ 61 — cos JdN 


#9/ 


de 


dg 


dr = 


dy <v , ch rw j dr ^ 
~~ oe+ -- 61 — , o 7t 
de dq dg 


(*) 


The coefficients of each equation of condition ficm the liight 
Ascension thus become — 


Coefficient of 6 J 

“ “ 6N 

“ “ 6s 

“ “ 61 

u u 6n 

u a $ e 


da 

dJ 

da _ da 

dN ~ cos J du 
da 
ds 

dot d / . da d> 
d\J d(j dt dq 
da f i _df \ _ da dt 
dU\ dnj drdg 
da df da dr 
dTJ de + dr do 


In the second membeis ol the equations a is regarded as 
a function of the seven quantities (a), as is also cS, for which 
a similar equation is to be formed 
The coirections of the solar eccentricity, ponhelion, and 
mean longitude were also introduced by putting in (1) 


tfL =8V>+ + l u n 6n" 

de" dn" 

(lit = - ?R Se" A- <m dvr" 

de" 


( 6 ), 


Introduction of the wcisseft of Vaius and hlercurq 

23 The correction to the mass ol Venus was introduced 
by taking the tabular perturbation pioduced by Venus on 
the geocentric place of the planet at the mean date ot each 
equrtion as the coefficient ot the unknown quantity to be 
determined In computing these perturbations legard was 
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had to the action of Venus on the Earth as well as on the 
planet. On this system the unknown quantity finally found 
would be the factor by which the adopted mass of the planet 
must be multiplied in order to give the correction of that mass. 

It has already been remarked that the mass of a planet can 
not be determined free from systematic error by observations 
made upon the planet itself. Hence, the mass of Venus can 
be determined only from observations of Mercury and Mars, 
and' that of Mercury only from observations of Venus and 
Mars. But the mass of Mercury is so minute that it would be 
useless to attempt to determine it from observations either of 
the Sun or Mars. It was therefore determined solely from the 
periodic perturbations of Venus. 

It has happened that the mass of Venus could not be deter- 
mined in a reliable way from observations of Mars, owing to 
a defect in the theory of the latter planet, which I shall men- 
tion hereafter, and have not yet had time to correct. Practi- 
cally, therefore, the mass of Venus is determined only from 
observations of the Sun and of Mercury, and that of Mercury 
from observations of Venus. 

Correction of equinox and equator . 

24. Gould all the observations be directly referred to a 
visible equinox and equator, the corrections above enumerated 
would have been the only ones which it was necessary to 
include in the equations of condition. But, as a matter of 
fact, the observations were all referred to an assumed system 
of Right Ascensions and Declinations of standard stars — my 
own system in Right Ascension and Boss’s in Declination. 
We must therefore introduce two additional unknowns into 
the equations, which I have represented in the following way: 

<*, the common error of the adopted Right Ascensions, 
d, the common error of Boss’s Declinations. 

The first quantity will appear only in the equations derived 
from observed Right Ascensions and the second only in the 
equations derived from Declinations, the coefficient being unity 
in each case. 
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That the value of d found m this way should be regaided 
as a correction to the Decimations of the equatorial stars v ill 
appear by the following considerations The mean heliocen 
trie orbit of a planet as projected on the celestial sphere is 
undoubtedly a great circle On the othei hand, in view of the 
systematic discord xnce always found to exist m measures o f 
absolute Decimations near the equator, and of the fact that 
these absolute Decimations depend upon assumed constants 
and laws of refraction, which are necessarily affected with 
gieater or less uncertainty, and are otherwise subject to 
systematic enors, instrumental or peisonal, of an ob&cuie 
character, but strongly shown by a comparison ot the Decima- 
tions derived from the work of different observatories, it can 
not be assumed that these Decimations are fiee from sys 
tematic error Jtfow, m one circle ot Decimation, say the 
equatoi, we may expect that the enoi will be nearly constant 
around the spheie, since the cruses of error will geneially be 
nearly constant for any one Decimation This conclusion is 
confirmed by a comparison ot the best star catalogues 
Moreover, between the jzouiacai limits, the error m each par 
ticular case is not likely to differ very greatly from the error 
at the equator Even if the difference should be considerable 
the various values of the error of the diffex cut Decimations 
must have a certain mean value, so that in the case of each 
particular star, dr each region of the heavens, we may conceive 
the actual error to be divided into two parts— one the mean 
value m question, and the otliei the de\iation fiom this mean 
The latter is probably smaller tli m the foimer, and m any 
case can not very well be detei mined fioin obseivations of the 
planets But the condition that the planet moves on a great 
cncle of the sphere admits of the mean value being detei 
mined with great precision It should, therefore, be included 
m the equations of condition 

The value of a, the common eiroi of all the Right Ascen 
sions, can obviouslv not be detei mined from the equations m 
Right Ascension alone, because the only result that such 
obseivations can give us would be the values of the Right 
Ascensions refened to some assumed equinox The coefficient 
of a would therefore complctdy disappear from the equxtions 
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of condition in Right Ascension. But since the same unknown 
quantities are introduced into the equations of condition m 
Right Ascension and in Declination, the requirement that the 
two sets of equations shall give common values of these 
quantities does away with this in determination and enables 
determinate values to be found. In fact, this method does not 
differ in principle from that usually adopted in deriving the 
Right Ascensions of stars from observations of the Sun. The 
latter consists in deriving the Sun’s absolute longitude from 
observations of its Declination and absolute Right Ascensions 
of the stars by comparing them with the Sun. In the same 
way we may consider that, in observations of the planet, the 
Sun’s absolute longitude is derived from observations of Decli- 
nations of the planet, and then a comes out from the observa- 
tions in Right Ascension. 

I have deemed it absolutely necessary that all the equations 
of condition should be solved by the method of least squares. 
By this method alone can the results of the observations as 
regards separate values of the elements and constants be prop- 
erly brought out. But the work of constructing and solving 
a system of nine thousand equations of condition, each involv- 
ing twenty unknown quantities, would be extremely laborious, 
and might even require a century for its completion, if done in 
the usual way. It was therefore necessary to adopt every 
device by which the labor could be reduced* to a minimum. 
One device was the dropping of all superfluous decimals in the 
OQ^fficiCpts of the equations. Since the errors thus produced 
would be purely accidental, it follows that if the sum of the 
products obtained by multiplying the value of each unknown 
quantity by the error of its coefficient in the equation of con- 
dition is hut a small fraction of the necessary probable error 
tilatfee absolute term, no serious harm will result from the 
errors of the coefficients. 

Another device was the construction of tables for finding 
the coefficients. Such tables relating to Mercury and Yenus 
are found in Yol. II, Part I, of the Astronomical Papers, 
These tables are, however, only given for one mean anomaly in 
each case, and therefore require computations dependent on 
the value of the other anomaly. They were therefore extended 
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to tables of double entry, so that the value of the derivatives 
of the geocentric Right Ascension or Decimation at any epoch 
could be taken from the tables at sight The arguments were 
the mean anomaly of the planet and the day of the year at 
which the planet last passed thiough its perihelion 

Introduction oj the secular i aviations 

25 When the equations of condition are foimed on the plan 
just set forth, the unknown quantities will be the collections 
to the elements or to the mean longitude at the date of each 
equation But every one of the unknown quantities which 
have been enumerated, the correction of the masses excepted,, 
is subject to a seculai variation Hence, instead of the 
unknown quantities heretofore defined, we introduce two 
otheis, the one the value of this unknown at some assumed 
mean epoch, which, foi reasons alieady set forth, must first 
be determined fiom the observations, the othei the secular 
vanation m a unit of time The unknown quantities which 
have been enumerated make twelve foi each equation of con 
dition liileven of these aie subject to a secular variation, so 
that if the secular vernations weie introduced into the original 
equations of condition they would each have twenty thiee 
unknow n quantities 

The following device was employed to i educe to a minimum 
tliewoik of introducing and determining the secular variations 
of the various elements 

Firstly, the whole time covered by the obseivations was 
divided into periods, nevei exceeding ten years, except when 
the observations weic vuy few in number, or entitled to but 
small weight It was then assumed that no error would arise 
fiom supposing the value of the unknown quantity to be the 
same throughout the period as it was at the mid epoch of the 
period The maximum absolute error thus arising would be 
the secular variation during half the length of the period, and 
the mean eiror the seculai vanation during one fourth of the 
period, but actually the effect of even this error would be 
almost entirely nullified by the combination of positive and 
negative coefficients throughout each penod 
5690 N ALM 4 
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Let us now put 

Vi • • • 

the corrections to the elements at any epoch, r. 


Let 


ax+by + cz + 


= n 


be an equation of condition between these quantities at this 
epoch. From a system of such equations, extending through a 
period numbered i 7 during which x, y , etc,, may be considered 
as constant, we derive normal equations of the form 


[aa] t x + [ab] t y + . . . = [<^]t 

[ab] i x+[bb] l y + . . . =[H 


which I shall call partial normal equations, and which we 
might solve so as to obtain the values of 0, 2/, etc. This solu- 
tion is not, however, necessary. The values of the unknown 
quantities being really of the general form— 


x = x 0 + x f t * (2) 

y — yo + y 1 1 

we may imagine these values substituted in the normal equa- 
tions (1), the value r t of t for the mean epoch of the period 
being substituted for t. 

Let us now suppose that we introduce the quantities x^ 2/0? • • ? 
x', y f , . . into the original equations of condition, using for t 
the value r„ which pertains to the mean epoch of the period. 
Our equation of condition will thus become — 

ax Q + by 0 + . . + at { x f + bt { y l + • • = w (3) 

If from a system of conditional equations of this form we 
form the normal equations for all the unknown quantities, the 
results will be these: 


Partial normal equation in 

[<*a]«0 o + [o&], y 0 + . . + r^aalx' + r^ab^y' + . . - [an], (4) 
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Partial normal equation m x l , 

r t [aa\ x 0 + r f [db] { y 0 + + r? [aa^x 1 + r ? [aft], y' 

+ = r t [m] t (5) 

We conclude that the partial normal equations, when the full 
number of unknown quantities is included, may be derived 
from those of the foiin (1) by the following 1 rules 

(1) Each partial normal equation m Xq^ y q, is formed 

from that m #, y , etc , by adjoining to the first mernbei of the 
equation the member itself multiplied by r and then changing 

Vi ffo, and, m the products by r, changing 

Vi into y 7 , 

(2) The partial normal equation in x l , y 7 , xs formed 

from the partial equation m a? 0 , y 0 , by multiplying all 

the terms throughout by the factor r 

The final oi complete normal equations m all the unknown 
quantities being foimed by the addition of the partial normals, 
the formulae for the coefficients are as follow 


For the final equation m x 0 


\aa] 

= [aa] 1 + [aa], + 

+ 

[««]» 


[ab] 

= [«&] 1 + [oft], + 

+ 

[«&]» 


[aa]' 

= Tt [aa] x + r 2 [aa], + 


[aa]„ 

(6) 

[an] 

= [an]i + [are], + 

. + 

[are],, 


For the final equation m x' 




[aa] n 

= t , 2 [aa]x + r 2 2 [aa], + 

+ V 

2 [<*«]„ 


[a&] 77 

= T i [ab]i + r 2 2 [ab]i + 

+ r n 

2 [«&]» 

(7) 

[<m] 77 

= ti [are]i + r 2 [are], + 

+ r n 

[an] n 



The final equations for all the unknown quantities will then 
be of the form 


[aa\ 4 - \ab] y 0 + 4 - [ aa ] 7 # 7 4- = [an] 

[aa] f k o+ [ub]' y 0 + 4 - [aa] 1 ' x f 4 - = [ctn] /f 
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The epoch from which we count the time, r, is arbitrary. 
An obvious advantage will be gained in counting it from the 
mid- epoch of all the observations. Then we shall have, by 
putting u'i, etc., for the sum of the weights for the different 
periods : 

Vh Tj + r 2 + . . . + w n T n = 0 (9) 

If the observations are then equally distributed around the 
orbits of the planet and of the Earth it may be expected that 
the coefficients 

l aa Y, [<*■!>]' .... ( 10 ) 

will all nearly or quite vanish. Practically we may expect that 
as observations are continued through successive revolutions 
the ratios of these to the other coefficients will approach zero 
as a limit. We may then divide the normal equations into two 
sets, one containing the quantities x 0 , y 0 , etc., and the other 

y‘, etc. The coefficients (10) being small, the two sets of 
normals will be nearly independent, and we may omit the 
terms (10) in the first approximation, and introduce them in 
one or two successive approximations so far as necessary. 

The unit of time is also arbitrary. A certain advantage in 
symmetry will be gained by so choosing it that the mean value 
of t 2 shall not differ greatly from unity. It was found that 

rf 6 ptefff 6 T S WaS a Sufflciently near a PP roxi mation to be 

Dates and' weights for epochs 'and' periods. 

, 2®. As want of space makes impracticable the present publi- 
W^-of «|e great mass of material worked up, the following 
pakS'diSha#' have been selected as those most likely to be use- 
ful in judging and criticising the work. We give three tables 
showing the division of the dates of observation into periods* 
and the weights for each period. The first column of each 
table contains the number 6t designation of the period as 
ffittfid in the manuscript books. The second contains ’the 
mew year of the period. The third column shows the time 
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of this mean period from the mid epoch of the observations 
which is taken as follows 

For Mereuiy, 1865 0 
Venus, 1863 0 
Mars, 1850 0 

The next column contains the sum ot the weights of the 
equations m each penod, as used m toiming the normal equa 
tions These were not, howevei, the weights actually used 
m multiplying the coefficients of the equations of condition 
Owing to the diversity m the quality of the observations at 
different times it was not found convenient to reduce the 
equations at once to a uniform system of weights, and so dif 
ferent units of weight weie selected foi the oldu observations 
and foi tin' eailiei obsei rations Aftei the putial noimal 
equ itions wei e formed tlie\ weie multiplied by the factor F, 
necessaiy to i educe fliein to i standard m which the unit of 
weight should conespond to the mean enor 

fi-1 1"0 


The sums of the weights leduced by these factors aie shown 
m the table 

In arranging the weights and selecting tlietactors it should 
be lenuiked that a liberal allowance was made at each step 
for probable constant errors, which lesults m the given 
weights being much smallei than they would have been by 
the theoretical treatment of the oiigmal obsci vations Not 
withstanding this illowaiico the final iosult seems to show 
that it was still insufficient, and that the actual weights of 
the lesults are less than would follow even from the final ones 
as given 

The partial noimal equations foi each period aftei being 
multiplied by the factois If, aie added to form the final normal 
cqu itions as denvod from meudian observations 
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Weights , epochs, and periods of partial normal equations . 

MERCURY. 


Period 

Right Ascension. 

Decimation. 

Mean 

year 

r 

(units of 25 7 ) 

Wt. 

F 

Mean 

year. 

7 

(units of 25 jy.) 

Wt. 

F 

i 

1766. 60 

—3. 9360 

3 4 

£ 

1765.50 

—3. 9800 

0. 2 

i 

2 

1784 22 

~3 2312 

18 8 

£ 

1782 Q9 

—3. 2804 

4.9 

* 

3 

1799.81 

— 2. 6076 

26. 1 

£ 







3i 





1796 42 

—2. 7432 

5.0 

£ 

32 





1802 37 

—2. 5052 

39 9 

A 

4 

1809 S3 

— 2. 2188 

18 9 

i 

1809. 18 

— 2. 2328 

52.8 

a 

5 





1824. 83 

— I. 6068 

74. 1 

A 

e. 

l8l8. 79 

— 1. 8484 

0 0 

f 




D 1 

5a 

1825. SO 

— 1 5680 

34- S 

i 






6 

1835.56 

— 1. 1776 

75.0 

4 





6 l 


1833. 84 

— I. 2464 

75*3 

A 

6 3 





1838 26 

— I.0696 

141.5 

i 

7 

1843- 74 

— 0. 8504 

98 8 

'T 

1843 97 

— O. 8412 

281.5 

i 

8 

1855. 90 

—0. 3640 

83.3 

i 

1855.92 

—O. 3632 

201. 5 

i 

9i 

I863 IO 

— 0 0760 

99.8 

i 

1862. 79 

— O. 0884 

i$9-5 

i 

92 

1867. 12 

-f 0 0848 

186. 0 

i 

1867 18 

-f O. 0872 

294. 5 

i 

IOi 

1872. 62 

-fo. 3048 

129. 8 

i 

1872. 64 

-f O. 3056 

214. 0 

i 

102 

1877 12 

-fo 4848 

129 8 

i 

1877 05 

4-o. 4820 

204 5 

i 

Hi 

1882. 24 

-fo. 6896 

108 2 

i 

T882. 17 

-fo 6868 

171-5 

i 

H 2 

1886. 29 

-f 0. 8516 

199 8 

i 

1886. 29 

4-o. 8516 

338 0 

i 

II 3 

I889 82 

+0. 9928 

109.5 

i 

I 1889. 70 

4-o. 9880 

176. 0 

— * — 

i 


VENUS 


I 

1755-83 

— 4. 2868 

ii* 3 

£ 

1759 

69 

^4 

1324 

7 * 

0 

i 

, ( 1 „ 2 , 

1767-92 

— 3 * 8032 

19.7 

£ 

1770. 

18 

— 3 

7128 

10. 

0 

i 


17-8'i. 06 

’ — 3 - 2776 

3-7 

£ 

1793 * 

25 

— 2 

7900 

13 * 

5 

i 

7 ?;*# 4 

1792.47 


; 12.3 

£ 

1806. 

73 

— 2. 

2508 

65 

5 

i 

' 5 

lSt)2. 64 ! 

— -2. 4144 1 

■ 23 ’.' 3 . 

£ 

1815. 

59 

— 1. 

8964 

67 ' 

5 

£ 

6 

x8io. 31 

, — 2 IO76 

'] 34. 0 

! i 

; 1823; 

75 ! 

— 1. 

5700 

197 

0 

1 

7 

1816.88 

— I. 8448 

42.7 

£ 

, 1836. 

02 

— 1. 

0792 

762. 

0 

1 

8 

1825-55 

— 1.4980 

141. 0 

£' 

1844. 

08 

— -Oi 

7568 : 

650. 

0 

1 


1 1835. 31 

— I.IO76 

339»3 

£ 

1854. 

24 

\ — 0 . 

3504 

( 333 * 

0 

r 

^ d ^ f t 

4843- 98 

— O 7608 

2 59 - 3 

£ 

l86l. 

43 

— 0. 

0628 

749 * 

0 

1 


*$$ 3 - 5 i 

/ — 0. 3796 

205 - 3 

£ 

1868. 

06 

-fo 

2024 

815 

0 

1 



: 1 — 0. 0560 

353 * 7 . 

£ 

1875 . 

32 

+0 

4928 

692. 

0 

1 

, 13 

I t868. 12 : 

-fo. 2048 

466.0 

£ 

1883 

15 

-fo. 

8060 

819. 

0 

1 

' 15 

iS 75 * 3 & 

‘ ’ 4^°*%952’ 

399-5 

£ 

1888. 

56 

+1. 

0224 

801, 

0 

1 

15 

? J§$3- 09 

4 -O. 8036 : 

. 5 * 4 - 5 

£ 








* n 16 

i888v 67 

4-1. 0268 

520. 5 

. I 












1 
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Weights , epochs , and periods of partial normal equations 

MARS 


Period 

Right Ascension 

Decimation 

Mean 

year 

r 

(units of 25 v ) 

Wt 

F 

Mean 

year 

r 

(units of 251) 

Wt 

F 

I 

1 757 43 

—3 9428 

25 3 

k 

1758 82 

—0 8S72 

8 8 

i 

2 

1770 ss 

—3 4180 

11 0 

* 

17 73 79 

—3 2884 

8 8 

i 

3 

1787 82 

—2 7272 

10 0 

k 

1794 48 

— 2 4608 

13 0 

i 

4 

1799 77 

— 2 2492 

20 7 

k 

1804 91 

-2 0436 

47 0 

k 

5 

l8ll 32 

— I 7872 

H 7 

k 

1813 00 

— I 7200 

30 5 

k 

6 

1829 17 

— 1 O732 

60 0 

i 

1828 04 

— I II84 

93 0 

1 

7 

7837 39 

—0 7444 

121 0 

i 

1837 is 

— O 7528 

371 0 

1 

8 

1845 39 

— 0 4244 

70 3 

k 

1844 95 

—O 4420 

255 0 

1 

9 

1853 36 

— 0 1056 

90 0 

k 

1853 02 

— O II92 

245 ° 

1 

10 

l86l 07 

4-0 2028 

114 0 

k 

i860 94 

+0 I976 

306 0 

1 

ir 

1869 20 

+0 5280 

124 0 

k 

1868 80 

4-o 5120 

197 0 

1 

12 

1877 71 

4-0 §684 

132 0 

4 

1877 38 

-j-O 8552 

257 0 

1 

13 

I883 27 

4-i 0908 

91 0 

4 

1883 26 

4-1 0904 

160 0 

r 

14 

1888 85 

1 1 3140 

XI S 5 

4 

1888 48 

1 

-j-I 2992 

167 0 

1 


— 

___ _ 

_ 


1 

— 




Unknown quantities of the equations 

27 For convenience m solving the equations of condition 
the coefficients of the equations were multiplied by such 
numerical factors as would reduce then general mean abso 
lute value to numbers of approximately the same order of 
magnitude Hence, the unknown quantities themselves are 
not the corrections to the elements, but these conections 
divided by the adopted factors 
In the case of Mercury the absolute tcim was also multi 
plied by 10, so that effectively the factors m question were 
reduced to one tenth part of their value The unknown 
quantities of the equations are represented by the symbols 
of the elements to which they relate inclosed in brackets 
For convenience of reference the following table is given, 
showing the factors used m the ( ase of each planet In the 
case of Mercury the column (a) shows the factors by which the 
differential coefficients were actually multiplied, (&) the factor 
by which the unknown quantity, as finally found, must be 
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multiplied to obtain the correction as expressed in the last 
column. In the case of Yenus and Mars these factors are the 
same. 


Factors by which the unknown quantities are to be multiplied to 
obtain corrections of the elements. 


Symbol of 
unknown 

Mercury 

(a) 

Factor for — 
Venus 

w 

Mars 

Corr of 
element. 

[ m ] 

1 

0.1 

7 

0.3 

dm : m 0 

f i ] 

40 

4 

5 

2 

dl 

i J] 

80 

3 

6 

2.5 

dJ 

[N j 

30 

3 

7 

2.5 

sin J d'S 

l « ] 

30 

3 

3 

10—7 

de 

f n ] 

100 

10 

439 

1004-7 

d 7t 

i 71 ] 

100 

2.056 

3 

1.3323 

ed tc 

i * 1 

10 

1 

4 

4 

ds 

[«"] 

6 

0.6 

2.5 

2 

de " 

[*"] 

6 

0.6 

2 

2 

« 

e" 6 n" 

[ « ] 

10 

1 

1 

5 

a 

i $ ] 

10 

1 

5 

5 

6 

: , 

/ .# , ' ii , L 

10 

1 

4 

3 

61 " 


The secular variation of each unhnown in 25 years is 
expressed sometimes by a suffixed 1, sometimes by an accent, 

' *. 1 : 1 - 1 - 
/ ■> i 

= [*], = change of [i] in 25 years. 

m It rifcjjf aiso be useful to give the values of the principal 
coefficients breach of the normal equations. They are found 
m the following table, ‘^ere the other coefficients all zero 
these numbers wCuId indicate the weights of the different 
unknown quantities ^s resulting- from the solution. Several 
Of them, were greatly diminished by the process of solution. 
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Values of the principal diagonal coefficient m the normal 

equations 


Symbol of 
coefficient 

Mercury 

Venus 

Mars 

Fiom mei 
observa 
tions 

From 
ti msits 

Sum 

Fiom nier 
obseiva 
tions 

From 

tiansits 

Sum 

From 

mer 

observa 

tions 

[ mm ] 

C " 

[ JJ j 
c NN 1 

* ee \ 

! 7 T 7 T 

■ ee 

Vv'j 

'V'tt"] 

' /"/" 
a a 
' 88 
u y 
t it y 

NN y 

[ ** y 

7 T 7 T y 

1 se y 

' e " e"y 
V' TT^y 
' r*'n"' ' 
\l"l" */ 
aa * ' 

\ 88 y 

5488 

10559 

15222 

14176 

19015 

8621 

1 1001 
9757 
9099 

5242 

13041 

13230 

24657 

7014 

12366 

1 1035 

15437 
* 6745 
8488 
8409 
8439 
5432 
11629 
n 400 
18716 

0 

11308 

1296 

2304 

5076 

8352 

196 

508 

261 

0 

542 

0 

0 

67155 

9383 

16682 

29647 

493*8 

1418 

2937 

1513 

O 

3126 

0 

0 

5488 

21867 

16518 

16480 

24091 

16973 

11197 

10265 

9360 

5242 

13583 

13230 

24657 

74169 

21749 

27717 

45084 

56063 

9906 

11346 

9952 

5432 

H 755 

11400 

187x6 

5868 

5981 

132^2 

17951 

5686 

5290 

1 1429 
9586 
5836 

11031 

335 

15196 

6005 

98 j 7 

14724 

5743 

4948 

8458 

9805 

5242 

10677 

297 

10772 

2920 

3540 

7444 

1636 

3350 

1732 

3598 

665 

1895 

2349 

0 

0 

8983 

13014 

2874 

8610 

4483 

6306 

1682 

4805 

5667 

O 

0 

8797 

9521 

20676 
19587 
9036 
7022 
15027 
1025 1 

7731 

Ij38o 

335 

15196 

14988 

22851 

17598 

*4353 

943 * 

14764 

11487 

10047 

*6344 

297 

10772 

17887 

20924 

28783 

32478 

20119 

20564 

31460 

15909 

14911 

15427 

25138 

53975 

26689 

23440 

29494 

24364 

27131 

25675 

22947 

17356 

20655 

33624 

42405 


Non - Hie coefficients foi Mercury and Venus in this table are given as they 
vt ere used m the solution, aftei dropping the units from all the terms of the 
equations, except those from transits of Meicmy 


Order oj ihirunation 

-j 9 In dealing with so extensive a system of unknown 
quantities it is impracticable to investigate the dependence of 
each upon all the others It is therefoio essmti >1 to an tinge 
the unknowns m an older partly that ot interdependence and 
paitly that of the liability of each to subsequent change by 
discussion and adjustment Hence, the mass of the planet, 
Men my or Venus, should be hrst eliminated, as being that 
unknown which is least affected by changes m the final valuesS 
of the othei unknowns The secular variations, as derived 
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from meridian observations, are nearly independent of the 
corrections to the other elements. The solar elements are to 
be subsequently determined by a combination of the results 
of the observations of the Sun and of the three planets. 

Guided by these considerations, the order of elimination 
was, with some exceptions, as follows : 

1. The mass of the disturbing planet. 

2. The five elements of the observed planet. 

3. The four elements of the Earth’s orbit. 

4. The corrections to the star-positions for the mid-epoch. 

5. The secular variations of the eleven quantities (2), (3), 

and (4), taken in the same order. * 7 


Treatment of meridian observations of Mercury. 

30. In the case of Mercury the factors of the coefficients of 
the equations were chosen large enough to admit of the deci- 
mals being dropped from the products without prejudice to 
the accuracy of the final result. This was done to facilitate 
the formation of the normal equations. For the ‘same reason 
the factors were made so small that the absolute numerical 
valn^ of the coefficients should generally not exceed 13 As 
this degree of precision is far short of that usually employed 

ZtTZ 6lemeUtS 0f a Planet ’ “ may be "dl to set 

forth the considerations on which it is based. 

Let any equation of condition as actually used be— 

<w+by+cz+ . . . =n ^ 

^ et0 -’ ^ aff “ ted br 
7 £ 7 6tc -’ 80 that the true equation should be— 

i 1 ' ( a + s )% + {b 4 - s')y-\- , . . __ n 

on may be written in the form— 

m + fo/j- , 

■ ‘ - v , — n-ex-e'y- . . . 

[ equation > in "Mch the error 

member is increased by the quantity— 

- ± dr £ f y ± . 
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and the only effect upon the precision ol the results will be 
that arising from this increased piobible error Let us esti 
mate its magnitude From an examination of the tables used 
in finding the coefficients I mfei that the probable euor of the 
coefficient of n was ± 1, and that ot all the other coefficients 
-t0 6 The mean value of the unknown quantities was genei 
ally a small fraction of a second We conclude, theiefore, 
that the probable or mean value of the enoi 

-L et -1 fy \ 

would in any case bo only a small fra< turn of a second Moie 
over, these errors would be purely accidental and not system 
atic, since the intervals of time between the equations were 
genei ally so long that the coefficients for different equations 
came from different tables, so that no error from omitted deci 
m ils in any one equation would cntei into the other equations 

Now, m view of the necessaiy systematic eirors which affect 
obsci vations of the planets, there is no hope of approximating 
to this degree of accuracy in the second members of the equa 
tions Were the observations rigorously correct and the 
values of the unknown quantities finally determined affected 
by no error except that arising in this way, they would be 
many times more accurate than we can hope to make them 
The errors might, in fact, be considered unimportant m the 
present state of astronomy 

It has aheady boon lemarked that the scale of weights was 
so taken that the unit of weight should (onespond approx 
imately to a supposed mean eiroi 1 1" 0 in the value of each 
absolute term of an oqu itiou of condition, so fai as the erroi 
could be detoi mined from the discordance of the original 
observations The corresponding probable error would be 
± 0" G5 In the case of Mercury, however, modifications were 
made which prevents this mean enoi from ( oi responding to 
the unit of weight which would bo found from the solutions in 
the usual way In the first pin e, the absolute members were 
all multiplied by 10, in othei woids, the decimal point was 
dropped from tenths of seconds, and no further account taken 
of it Secondly, m < onsoquonc e of the piobable eiroi in the 
coefficients of the normal equations arising tiom the nnpedcc 
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tions of the decimals, the final values of these coefficients 
would he subject to probable errors ranging between 50 and 
100 units. In consequence there would be no advantage in 
retaining the last figure in the normal equations, and it was 

dropped in all the subsequent solution and discussion of these 
equations. 

In dropping the last figure from the absolute term of the 
normal equations we may consider that we are merely drop- 
ping the tenths of seconds and that the units are once more 
expressed in seconds. Thus, considering only the effect of 
this operation, the unit of weight would correspond to a mean 
eiror of A 1.0 in units of the absolute term. But in dropping 
oft the last figure from the coefficients we practically reduce 
the scale of weights, considered as multipliers of the equa- 
tions, to one-tenth of their former value. On the other hand, 
in expressing the unknown quantities in terms of the correc- 
tions to the elements, we divide the multipliers by ten, so that 
-effectively we multiplied the coefficients in the equations of 
■condition, considering the unknown quantities to be defined 
as on page 56, by 10. Since these coefficients are of the second 
-degree m the normal equations, it follows that the scale of 
weights has in effect been increased ten fold. Hence the unit 
•of weight for the normal equations between the unknown 
-quantities as finally solved will correspond to the mean error 


£ i = 1.0 X i/io = ± 3.1 

As t$.e mean error is at best a rather indefinite quantity in a 
;#a§e like the present, we may consider its value as 4 units and 
even then ns by no means rigorously determined. 

the timeof wriHn « no attempt has been made to 
.erive rigorously the weights of the unknown quantities from 

win. bemuse in the cases of most of the unkowns such 
beentarely illusory. The fact is that in solving 
-so immense a masgpf eqqajions, we must expect systematic 

° rS ^ Vitiate results. The observations of 

ereury, especially .§£ its Bight Ascension, are not made on 

1 Retimes tfee limb is observed, sometimes 

^toanoarenf center or the center of light. 
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An ideally perfect system of i eduction would lequue us to 
reduce each sepaiate observation with a semuliametei cone 
spoil ding to the pei sonal equation of the obseiver This being 
entnely nnpiacticable, we must legaid the i eduction of the 
obseivei’s semidiameter to that used in the reductions as a 
probable error In fact, liowevei, it will be of i systematic 
charactei, vaijmg at each point of the i elative oibit ot 
Mercuiy, and going through a cycle of changes impossible to 
determine m a synodic period ot the planet It is nnpi icti 
cable to give even a full discussion of these eirois, wo shell, 
however, meet with a proof of then magnitude 

Introduction of the equations derived from observed transits of 

Mercury 

11 Ihe relations between tlic elements ot Menury ind the 
Earth derived from tins some an shown m nry Discussion of 
Tianvts of Mercuri/ (A P , Yol I, Part VI ) On page 4 17 are 
found expressions foi those linear functions of the corrections 
to the elements which are determined by the November and 
May transits, respectively With a slight change of notation 
to correspond with that of the present paper, these functions 
are as follows 

Y = 1 487 <57 — 0 487 Sx — 1 137 de — 1 01 SI" + 1 19 e"8u" 

+ 1 58 Se" 

W = 0 710 SI + 0 281 <5 it + 0 890 Se — 0 97 SI" — 1 11 e"STr" 

- 1 62 Se" 


The values of V and W being denved fiom a senes of transits 
extending from 1677 to the piesent time, enable us to deter- 
mine both these quantities at some epoch, and their secular 
variations The values denvecl from the transits, together 
with then mean errors, aie found on page 4<>0 of the work nr 
question Omitting the doubtful tutor 7., introduced on 
account of a possible variability of the Kaith’s axial rotation, 
which was not pioved by the tiansifs, the values of V and W 
were found to be as follows 
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The mean epoch for the transits is taken as 1820, to which 
the zero values correspond. The values for 1865.0, the mid 
epoch for the meridian observations, are, therefore, from the 
transits alone — 

Y = — 2 // .08 A 0 /7 .41 
W = + 1"67 A 0 77 .37 

This, however, is only a first approximation to the quantities 
which should be introduced. Since the meridian observations 
help to determine the values of Y 7 and W 7 , we should not 
regard the reductions to 1865.0 as final, but retain the results 
in the form (a). 

Another element which is determined from the observed 
transits of Mercury with greater precision than it can be from 
meridian observations is the longitude of the node of the orbit 
relatively to the Sun. In the paper quoted we have put — 

25 = (86 — 8l u ) sin i 

and found from all the transits up to 1881, 

25 = - 0 77 .16 A 0 77 .27 + (0 /7 .28 A 0 /7 .62) (T - 1820) (b) 

The values of Y, W, and 25, found from the discussion in 
question, give rise to six conditional equations, which become 
completely independent when we take as observed values the 
secular motions and the absolute values at the mid-epoch of 
observation. This mid-epoch is not the same for the May and 
November transits. But I have assumed that no serious error 
would be introduced by taking lsS20.0 as the epoch for all three 
of the quantities, Y, W, and 25. 

If we substitute for sin i 89 Its value in terms of £J, etc., 

Bin i 89 = - 0.6018 8J + 0.796 sin J£25 + 0.721 8b (c) 

and then for £J, £25, 8b , tbeir values in terms of the unknowns 
of the equations of condition, we shall have 


N= - 1.805 [J] + 2.394 [25] + 0.721 [e] - 0.122 [l 77 ] ( d ) 
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Similar expressions will be found for the values of ~V and W 
by substituting for the corrections to the elements tlie unknown 
quantities of the conditional equations, as already given 
Taking 1820 0 as the mid epoch, we may legard the inde- 
pendent quantities given by the transits of Mercury to be the 
six following ones 


y«- 18 Y, , W 0 -18W„ N 0 - 18 IT! 

V, , W, , H, (e) 

Here V 0 , W 0 , and H 0 indicate v allies for 1865, the mid epoch of 
the meridian observations, and Yj, Wi, and Hi the valuations 
m 25 years The six conditional equations thus found from 
the transits may be written 

V 0 - 1 8 Vi = - 0" 90 + 0" 31 
W 0 - 1 8 W, = + 0" 84 =L 0" 25 
Ho - 1 8 Hi = - 0" 10 + 0" 27 
V, = - 0" 66 ± 0" 15 V' 

Wi = + 0" 40 dL 0" 15 

H\ = + 0" 07 + 0'' 15 

Substituting for Y 0 , Vi, etc , their expressions as linear func 
tions of the unknowns of the conditional equations, we -find 
the following six equations, which aie to be used as conditional 
equations additional to those given by the meridian observa 
tions 

5 95 [l] - 4 87 [ft] - 3 41 [e] - 1 01 [?"] + 0 71 f n"\ + O 95 [<?"] 
-18|5 95[l] 1 -4 87[7r] l -3 41[4-101[/' / ] l +0 71[ 7 r // ] l 
+ 0 95 [<?"]!} = -0"90 

Weight = 250 

2 86 [I] + 2 84 [?t] + 2 09 [e] - 0 97 [?"] - 0 67 [*"] - 0 97 [«"] 
-1 8 f 2 86 [l ], + 2 84[jr], + 2 69 [e]i - 0 97 [ Z"]i - 0 67 [w"] t 
— 0 97 [e^], J = + 0" 84 

Weight = 300 

-1 8f,T| + 2 1 |H] + 0 7 [e] — 0 12 [Z"J 
— 1 8 | — 1 8 f J]i + 2 4 [ N ]t + 0 7 [«), — 0 12 [Z // ]i J = - 0" 16 

Weight = 400 
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5.95 [l],- 4.87 [tt], - 3.41 [<?], _ 1.01 [l"], + 0.71 [w"] x + 0.95 [e"], 

= — 0 // .66 

Weight = 700 

2.86 [^H-2.84^], + 2.69 [e], - 0.97 [Z // ] I _ 0.67 [*"], - 0.97 [e"]i 
Weight = 700 


1.8 [J], + 2.4 [17]! -|- 0.7 [e]i — 0.12 [Z"]i = + 0".07 
Weight = 1,600 


The weights assigned to these several equations have been 
determined by the following considerations: 

We have already found that in the equations of condition 
from the meridian observations as finally reduced, the scale of 
weights has so come out as to show a practical mean error for 
weight unity of about d= 4". Were this error purely accidental, 
the weights of the conditional equations derived from the 
transits would be determined in the same way, from the mean 
errors assigned to them. But, as a matter of fact, the exist- 
ence of systematic errors in the meridian observations is 
s ‘own, as will be subsequently explained, by the large value 
found for the fictitious quantity Sr 2 . Since observations of 

T T ar6 “ ade at the point of the ^lative orbits of Mercury 
and the Barth, near which meridian observations are rarely 
available, and are of a higher order of accuracy than meridian 
observations, it follows from the theory of probabilities that 
we should assign a larger relative weight to the observations 
of the transits. How much larger does not admit of being 
determined with numerical precision. Actually I have taken 
he weights as if the mean error corresponding to weight 
unity were between 5 and 6. In the case of the motion of the 
node a still larger weight has been assigned to the secular 
variation, from the belief that the accuracy of the determina- 
tion from transits relative to meridian observations is in this 
ease of a yet higher order of magnitude than in the case of 
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the other elements Whether this belief is justified or not 
must be left to the decision of the future astronomer 
The first three of the preceding six conditional equations 
may be treated m a way similar to that adopted for the 
meridian observations They express what is supposed to be 
equivalent to observations of the thiee quantities Y, W, and 
N in 1820, when t = -18 Hence, from the paitial noimals 
m the six principal unknowns, [e], [n] [*/'], the com 

plete noimals may be foimed by multiplication by r and t 2 
(r = — 1 8) m the way set foith in § 25 

Solutions of the equations for Mercury 

32 In the case of Mercury and Yenus, it is desirable to 
know to what extent the results of the tiansits diverge from 
those of the meridian observations lienee, as already 
remarked, two solutions of the equations weie made, termed 
A and B 

Solution A is that derived from the meridian observations 
alone Solution B is that of the normal equations formed 
from both the meridian observations and the transits 
The results of the solutions m the case of Mercury are shown 
m the following tables The relation of the unknown quan 
titles given m the fust columns, A and B, to the coirections 
of the elements has been shown m a preceding section (§27) 
The upper half of the table shows the corrections to the 
elements, the lower half those of the secular variations 
It will be seen that all the values, with a single e\< option, 
come out less than a unit In stating the corrections to the 
elements, it must be remembeied that, owing to the proximity 
of Mercuiy to the Sun, the euois of geocentric place are much 
less than those of the helioc entnc elements, so that an error 
m the latter indicates a proportionally smaller error in the 
actual observations For the same leason we must expect a 
less degree of precision in the elements as finally deuved than 
m the case of the othei planets 
5090 N ALM 5 
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Results of solutions of the normal equations . 


Unknowns 

5 ^ 

Corrections of elements. 

Symbol. 

A 

B. 

O 

0 

c 3 

Symbol 

A 

B. 

[«'] 

1 

0 

00 

— 0. 1207 

O I 

S m : vi 

— 0 0148 

— 0 0121 







// 

// 


[ / ] 

1 

—0 1342 

— 0. 0752 

4 

61 

— O- 537 

—0 301 


= J J 

1 

—0. 2436 

— 0. 2299 

3- 


— O. 731 

— 0. 690 


_ N I 


— 0 0227 

—0. 0201 

3 

Sin J 6 N 

—O 068 

—0 061 


£ 


+0 2074 

+0 2194 

1. 

<5 £ 

-f-o 207 

-f-o. 219 


e 


— 0 1202 

-f 0 4094 

3 

6 e 

—0 361 - 

4 1 228 


TV 


+0 5209 

-f-o 2688 

10 

6 TV 

45 2°9 

— f-2 689 


V' - 


-j-o 0669 

+0 S397 

0 6 

6 e" 

-4-0 040 

+0 504 


7 T // 


— 0 2248 

i —0 7027 

0. 6 

e" 6 tv " 

—0 135 

— O 422 


V' - 


+1 1240 

! 4-1 0566 

2. 

Sr" 

-j-2 248 

T 2 113 


<5 


— 0. 2310 

— 0. 2456 

1. 

6 

—O 23I 

O 256 




—0 0354 

— 0. 0897 

1 . 

61" 

—O.O35 

O. 090 


[ J 


+d. 4803 

+0 493° 

r. 

a 

-fa 4$to 

* + 0 - 493 


[ / ] 

/ 

— 0. 2060 

— 0 1209 

16. 

D t (5/ 

—3. 296 

—I- 935 


;j: 

/ 

—0 0114 

+0. 0636 

12. 

Dt<*J 

—0. 137 

40.764 


_ N 

/ 

+0. 1000 

-j-o. 0930 

12. 

Sm J D t <5N 

+ 1 200 

-fl ll6 


_ e 

/ 

-j-o. 0681 

-j-o. 0966 

4 . 

D t d s 

-j-o 272 

+ 0 386 


e 

/ 

—0 1165 

-j-o. 0987 

12 

D t 6* 

— 1 . 398 

+ 1. 184 


TV 

/ 

—0. 2385 

— 0. 0252 

40. 

D t 6 tv 

—9 540 

— I 008 


' e"~ 

/ 

— 0 1968 

+0. 1317 

2.4 

D t 6e" 

—0 472 

+0 316 


= 7 T //= 

/ 

— 0. 1677 

—0. 1193 

2 4 

e" D t 6 tv" 

O 402 

—0 286 

! 

* r rr 

/ 

+0. 1 108 

+0 0806 

8. 

D t Sr" 

f-o 886 

4-0 645 


S 

/ 

— 0. 1826 

—0. 1233 

4 - 

D t S 

—0 730 

—0. 493 


' jrr 

/ 

— 0 1442 

—0 3152 

4 - 

D t SI" 

-0 577 

—1. 261 


\ a 

r 

—0 3160 

—0 1973 

4 - 

D t a 

—1. 264 

—0 789 


Mean epoch of corrections, 1865 o. 


j Discordance in the observed Right Ascensions of Mercury, 

33. The most remarkable feature in the result is the value 
of the quantity represented by [ r The unknown quantity 
introduced with this symbol had as its coefficient the derivative 
of fbe, geocentric place as to the Earth’s radius vector, and the 
result would therefore be an apparent constant correction to 
that radius vector. Since, however, the position of the planet 
depends only on the ratio of the distances of the Earth and 
Mercury, it follows that the actual correction may be regarded 
as a correction to the ratio of the mean distances. 

The determination of the mean distances by Kepler’s 
third law may be regarded as so unquestionable that the true 
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value of tins unknown quantity should be regaided as /eio, 
and the result as a purely fictitious one, arising from enone 
ous elements of reduction or systematic personal enois It 
was the possibility of the lattei that led to its introduction 
When the planet is cast of the Sun, observations are always 
nude on or near its vest limb, or at least on some point west 
of the tine ( enter, and vice ? e)s<t The value of dr 11 therefore 
indicates that there is a remarkable systematic difference m 
the observed Eight Ascension according as the planet is east 
01 west of the Sun, and theiefoie according to the illuminated 
side The sign of the result shows that the reduction to the 
center of the planet was apparently too small It is there 
fore of interest to learn according to what law this error 
changed as the planet moved around its relative orbit 
It has up to the present time been impracticable to substi 
tute the unknown quantities m the original equations of con 
dition, and thus cleteimmc the sepu ite lcsiduals, and for the 
puipose of investigating the present case such a substitution 
is the less necessary, owing to the smallness of the unknown 
quantities I have therefore simply detei mined the mean 
connection to the Eight Ascension given by all the observa 
turns during the various periods m si\ segments of the relative 
orbit, near the elongations, and befoie and aftei the two 
conjunctions TM results aie shown in the following table 
Commencing with the moment of inferior conjunction, column 
A ( ontams the mean correction to the tabulai Eight Asc ension, 
from observations made within about twenty days following 
Column B contains the obsenations made horn tvt nty days 
after the inferior conjunction until twenty days befoie supenor 
coiqumtnm, i period (luting which the planet was generally 
neai its gieitest west elongation Column 0 contains the 
obsexv itions nude during the twenty days following and up 
to superior conjunction Then follow m regular otdei the 
corresponding results when the planet was east of the Sun, 
beginning with the twenty days following superior con) unc 
tion and going around to interior conjunction 
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Table showing the mean corrections to the tabular Bight Ascen- 
sion of Mercury in six segments of Us relative orbit. 


Epochs. 

A 

B 

c 

1765-1791 — 
1793-1815 — 

1817-1839 

1840-1849 

1850-1859. — 

1860-1869 

1870-1880 

1881-1892, 

// wt 

+ 3 * 2 4 4 

— j— 2 06 6 

+3 06 6 

4 “ 1 • 4^ 6 

+3 72 4 

4~ 1 18 28 
4-i 18 25 
+ i -*9 38 

" wt 

+2. 61 5 

+ 1 82 10 

+ 1.79 24 
4-i. 48 18 
4-o. 77 20 
+ 1 J 4 72 
-ho. 74 65 
4-o. 98 63 

// wt 

+ 0 - 97 4 

+ 1 13 24 
— 0 38 20 
— ho 08 16 

+ 0 3 1 44 
—0 20 61 
— 0. 15 62 


! 

D 

E 

F 

1765-1791 

1793-1815 

1817-1839 

1840-1849.. ... 

1850-1859 

1860-1869 

1870-1880 

1881-1892 

ft wt . 

+0. 92 1 5 

4-2.82 5 

4-0, 27 25 

4-o. 22 22 

-j-o 69 14 

—0.44 55 
—o *52 57 
— 0. 84 80 

" wt . 

+1.30 10 
-j-1 10 16 
+3 76 24 

— 0 53 3 ° 
—0. 39 28 
—0 55 69 

—1 25 67 

— O. 73 102 

" wt . 

+0. 81 3 

+1 85 5 

~ I2 9 5 

+o- 75 3 

—0. 65 4 

—0 35 16 , 
—0 30 24 
—0 37 26 


The remarkable feature of these results is the near approach 
to constancy m the values of the numbers in each column, 
after the secular variation is allowed for, and the large magni- 
tude of the corrections. The most natural conclusion is that 
the reduction from the limb of the planet or the observed 
center of light to the true center was too small by an amount 
which, at the mean distance of the Sun, must have been nearly 
or quite a second of arc (cf. § 3). The adopted semidiameter 
. 3",4 seems so well established, both by micrometrie mMwnjpjjg,' 
heliometer measures during transits of Mercury, that 
such a correction to the diameter seems inadmissible. 

I have not yet been able to enter upon the investigation of 
the source of this anomaly. A very important question is that 
of its influence on the results. Since a constant error hi the 
radius vector of a planet would have opposite effects on the 
elements in different points of the relative orbit, it may be 
inferred that the effect of the error would be nearly eliminated 
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in an extensive senes of observations distributed equally 
between the two elongations Actually, liowevei, tbeie seems 
to have been an appreciable lack ot symmetry m this respect, 
as the influence of the unknown quantity upon the other 
unknowns is not inconsiderable Although the law of change, 
as shown in the preceding table, does not conespond to the 
mignitude of the coefliuent of Sr", tins coefficient bung rela 
try ely too small neai interim con junction and too huge neai 
superior conjunction, it is still piobable that through the intro 
duction and elimination of Si " a huge pait of the injurious 
effect is eliminated 

Comparison of transits and meridian observations of Mercury 

34 Another remarkable lesult which may be assoc lated with 
this is shown by the differenc e between the solutions A and 11, 
m the cise ot the eucntmity and peiihtlion not only of the 
planet, but ot the Sun It -will be seen that the meridian 
observations alone give a negative collection to the ecoen 
tricity of the planet, while, when the transits aie included, 
the correction becomes positive That this is due to a system 
atic cause running through the observations is shown by the 
fact that the same thing is tiue of the secular variation of 
the eccentricity This relation of the correction to its seculai 
variations holds true for three of the foui relative elements, 
and foi the eccentricity and perihelion both of the planet and 
of the Iflurth In the c tse of the Earth’s perihelion, however, 
there is a neatei approach to confomuty between the two 
results 

There is yet anothei anom ily m this connection, which nidi 
c ites a veiy conside i cblc systematic ei rot m the older meridian 
obse i \ itions, w Liu h is not c omplotely eliminated from the ole 
meats It we take the values of the unknown quantities and 
then secular variations, which result horn the two solutions, 
and substitute them in the lineal turn turns of the (directions 
to the (dements derived bom the* ti numbs alone, namely 

\ = 1 187 SI — 0 187 Sir — 1 1 17 de — 1 01 SI" + 1 1 O^'chr" 

+ 1 58 Si" 

W= 0 71(> SI -f- 0 284 Sn + 0 896 Se — 0 97 SI" — I 11 Q"Sn" 

- 1 62 Sr" 
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■we find the following results: 

From meridian observations V = — 2". 9!) + 0".09T 
From November transits —1 .09 _ 2 .63 T 

From combined solution — 2 .77 — 2 .30 T 

From meridian observations W = + (>".89 — 4", 55 T 
From May transits alone +1 .30 + 1 .84 T 

From combined solution + 1 .39 + 0 ,42 T 

We conclude that, had no transits ever been observed, the 
errors of the elements and their secular variations, derived 
from the great mass of meridian observations, would have 
caused an error of some 5" per century in the heliocentric 
place of the planet at the times of the May transits, and of 
some 3" at the time of the November transits. 

The fact that the combined solution B satisfies the transits 
so much better than A, although the total weight of equations 
A is so much greater than that of the transit equations, shows 
that the meridian observations give only weak results for the 
functions in question. 

Meridian observations of Venus . 

35. So far as the meridian observations are concerned, those 
of Venus were treated on the same general plan as the observa- 
tions of Mercury. The^ following are the principal points of 
difference : 

1. The hypothetical quantity dr" is omitted. Hence no 
index to the consistency of the observations at different points 
of the relative orbit can be derived from the solution. 

2. Tenths of a unit were included in the coefficients of the 
equations, and no modification was made in the units. The 
units and tenths were, however, dropped in the final solution 
bf the normal equations. 

Results of observed transits of Venus. 

36. We put, at the time of a transit, 

®, the longitude in orbit of Venus; 

l, its mean longitude, or the mean vaiue of v; 

A '^7 if® ecliptic latitude and longitude; 

L, the Sun’s true longitude. 



36 J EQUATIONS OP CONDITION PROM TRANSITS OP VENUS 71 
Then 


S\ = cos i Sv -f- sin* i SO 

= 0 9982 Sv + 0 0592 sm i SO 

We thus have, for the dates of the observed transits, 

1761-’69 , S/3 = - 0 0592 Sv + 0 99S3 sm i SO 
1874-’S2, 8/3 = + 0 0592 Sv - 0 9982 sin i SO 

I have discussed very fully the observations of the transits 
of 1761 and 1769 m Astronomical Papers, Yol n The final 
results which I shall use are found on page 404 of that volume 
Here I have put. 


x, correction to A — L , 

— y , correction to /i, 

the Sun’s latitude being supposed to require no correction 
The values of x and y for 1769 are distinguished by an accent 
I have also represented by z 2 and z 3 the corrections to the drf 
ference of the semidiameter s of the Sun and planet, for the 
respective internal contacts, to winch may be added the tin 
known but probably nearly constant quantity due to personal 
error in estimating the time of contact From their veiy natuie 
these quantities do not admit of accurate determination, and 
must therefore be eliminated from the equations From the 
observations of internal contact aie derived the following foui 
equations 

1761 II, — 87a + 50 y + = _ 0" 07 

III, + 68 + 73 +a 1 =-0 // 06 

1769 II, — 64 i' — 77 y' + z 2 = — 0" 27 

III, -+ 84 — 55 +£,= -)-0"02 

We liavelieie moie unknown quantities than equations, so 
that it is not practicable to deter mine them all sepuately 
What I have done lias been fust to is'-unre z t = z 3 This pre 
supposes that the distance ot <entus at the estimated appa 
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rent contact at egiess is, m tlie geneial mean, the same as at 
ingress The lesult of any erroi in this hypothesis ■will be 
almost < ompletely eliminated from the mean latitude at the 
two transits, but not from the longitude 
Still, the values of x and y can not be separately determined, 
I have therefore so combined the equations as to obtain mean 
values of x and y foi the two contacts, assuming that this 
would he the result of supposing these quantities to have the 
same values at both epochs Calling these values x" and y" 
we have by addition and subtraction, supposing z 2 = z 3) 

— 0 30 v" + 2 55 y" = 0" 12 
3 03 x" + 0 45 y" = 0" 30 


We thus have* 


x" = + 0" 09 
y" = + 0" 06 


These corrections are not applicable to the cooidmates from 
Leverrier’s tables as they stand, but to those quantities 
as corrected by the following amounts 


AX = + 0" 25 
A = + 2" 00 

/ ajproximation to these quantities, which may he made 

after the correction to the etatapuu&l motion of the node is determined; 
we should put, on account of this correction; 


y =y' — 0 " 11 

2/'=i/' + 0' 7 11 
feive 

^ $ 

1 1 ‘ V, 1 4^f« + 0 / 06 

sf r t=s 5 -f. 0" i £ 

*- f t 

> „ lhaT6 Wed careful m a ^Sequent 
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We thus find, for the corrections to Leverrier’s tables at 
the epoch 1765 5, 

S X — 3L = + 0" 09 + 0" 25 = + 0" 34 
S/3 = _0"06+2 / '00= +1"94 


and hence 


Sv = +0" 22 + 0" 998 S L 
smt«=4- 1" 95 + 0" 059 5L 

A still farther modification is required to the tabular longi 
tude on account of the correction to the mass of the Barth 
used by Leverrier, and hence to the periodic perturbations 
m longitude This conection is + 0" 20 We thus liaiefor 
the correction to the oibit longitude of Venus— 

dv = + 0" 02 + 0" 998 S L 

For the results of the transits of 1874 and 1882 I have 
depended entirely on the heliometer measures and photo 
graphs made by the German and Ameucan expeditions, 
respectively The definitive i esults of the German observa 
tions, as -worked up by Di Auwers, aie found m Vol V of 
the German Reports on the Transits * The American photo 
graphic measures of 1874 have not been officially woilced up 
and published, but a preliminary investigation from the data 
■contained in the published measures was made by D P Todd, 
and published m the American Journal of Science, Vol 21, 
1881, page 491 The measiues of 1882 have been definitively 
worked up by Harkness, but only the results published 
They are found in the report of the Superintendent of the 
TJ S Naval Observatory for the year 1890 

The corrections to the geocentric Right Ascension and 
Declination of Venus relitive to the Sun thus derived are 

* Dio Venus dnrchgango 1874. unci 1882 Bench t uber die Deutschen 
Beobacktungen Funttor Band, Berlin, 1893 
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given m the following table. In taking the mean the weights 
are not strictly those which would result from the probable 
errors as assigned, but, in accordance with a general princi- 
ple, independent results have received a weight more near to 
equality than would be indicated by the mean errors. 

1874: German, d E. A. = + 4.77 ± 0.28 
American, . . . + 4.14 ± 0.30 

Adopted, . . + 4.44 


German, d Dec. = + 2.28 ± 0.10 

American, . . . + 2.50 ± 0.30 

Adopted, . . , + 2.34 


1882: German, d E. A. = + 9.03 ± 0.12 

American, . . . + 9.10 ± 0.08 

Adopted, ... + 9.07 


German, d Dec. = + 2.02 ± 0.06 
American, ... 4. 2.02 ± 0.08 

Adopted, ... 4. 2.02 

l L?^ ailge tliese results successively to geocentric longi- 
^ heliocentric longitude and latitude, and 

orbital longitude and latitude. The results of these several 
changes are as follow : 


Corr. in geoc. long. 

1874 

+ 3’ '.853 

1882 

+ 8".077 

Corr. in lat. 

+ 2 .724 

+ 2. 971 

Corr. in hel. long. 

-1 .415 

-2 .965 

Corr. in hel. lat. 

+ 1 .001 

+ 1 .091 

Corr. in orbital long. 

-1 .35 

-2 .90 

Value of sin id & 

-1 .08 

-1 .26 
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Equations from transits of Venus 

37 The corrections to the heliocentric positions of Yenns 
and the Earth, as thus found, are now to be expressed m 
teiins of corrections to the elements The lesults of this 
expression are shown m the following equations 

Equations given by the corrections to the orbital longitude 

I Epoch, 1765 5, r = — 3 90, weight == 200 
0 992 61 + 1 17 edit + 1 62 6e - 0 976 6V - 1 81 e"d 7 z n - 0 85 6e n 

= +0 // 02 ± 0 "15 

it Epoch, 1874 9, r = + 0 48, weight = 400 

- 0" 88 ju + 1 009 61 - 1 223 edx - 1 596 6e - 1 030 61" 
+ 1 864 e n 6n" + 0 817 6e" = - 1" 35 ± 0" 08 

III Epoch , 1882 9, r = -f 0 80, weight = 800 

0" 60 jj. 1 008 61 - 1 146 eSn - 1 651 6t - 1 028 dZ"+l 825 e n 6n t( 

+ 0 900 6e " =- 2" 90 ± 0 "027 

Equations given by the coirections to the orbital latitude 

I 1765 5, sin %66- 0 057 61"- 0 11 0 05 + 1" 95- 

± 0 " 10 

II 1874 9, sm&d$— 0 061<57"+0 110e"d7r"+0 048 6< "= - 1" 08 

± 0" 04 

III 1882 9, sund#-0 061^"+0 107e"dTr"+0 05S6e"=^V / 28 

± 0" 019 

The weights assigned to these three equations are, lespec 
tively, 200, 600, and 1,600 

Befoie using these equations the coirections to the elements 
were transformed into the unknown quan titles defined in §27, 
and then secular variations by multiplying the coefficients by 
the factors given on page 56 
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Solutions of the equations for Venus . 

38. The parts of the normal equations formed from the 
preceding conditional equations were added to the parts from 
the meridian observations, and the resulting solution B 
obtained. As in the case of Mercury, a solution A was made 
of the normal equations derived from the meridian observa- 
tions alone. The results are as follows : 

VENUS 


Results of solutions of the normal equations. 


Unknowns 

£ 

Corrections of elements. 

Symbol 

A 

B 

O 

0 

r rt 

Symbol 

A 

B 

O] 

[ 1 

;n; 

e 

S IT ’ 

£ 

V/ s 

n 

B 6 
;///] 

" / V 
LJY 
n y 

‘ * y 
“ 7T y 

V t y 
V/j/ 
V'Y 

a y 

* 6 y 

li"y 

—0.0708 

-0. 1435 

+0. 1156 
+0. 0164 
+0. 0941 
+0 0628 
+0 0246 
+0. 0336 
— 0. 0274 
+0 4742 
— °. 0383 
-0 0768 

—0. 1846 
+0 0970 
—0 0561 
+0. 1472 
+0.0555 
+0.0182 
-j-o. 0283 
+0.0399 
— 0, 0S20 
— 0. 0020 
—0. 0562 

—0. 0834 

—0 1501 
+0 1340 
+0 0106 
-j-o 1003 
-j-o 0764 
-j-o 0271 
+o. 0318 
—0. 0212 
+0. 4642 
-0. 0375 
—0 0743 

—0 1983 
+0. 1088 
—0. 0594 
— f-0 1644 
+0. 0698 
4-0. 0202 
+0.0317 
+O.O506 
-O.O347 
— 0. 0002 
— 0. 0662 

7 . 

5 * 

6 

7 

3 . 

3 

4 

2-5 

2 

1. 

5 * 

4 

20. 

2 4 

28 

12 

12. 

16. 

10. 

8. 

4 

20. 

16 

6 tt i.m 

61 

S] 

sm J (JN 

e 6 tt 

6 8 

6e" 

e" 6 k" 
a 

6 

61" 

D t 6I 
BtJ 

sm J D t N 
D t <? 

eDtn 

Dt £ 
Dt*" 

D 

D t 6 

D t 6l" 

—0 496 
// 

— 0 718 
+0 694 

+0 i*S 

-j-o. 282 
-j-o 1 88 
4-o 098 

4 -o 084 

—0 055 
+0. 474 
—0 192 
—0. 307 

—3. 692 

+2 328 
—1 571 
+1. 766 
4-o. 666 
-j-o 291 
+0 283 
+0.319 
—0 328 
— 0 040 
— 0.899 

—0 584 
r/ 

— 0 .751 
+*0. 804 
+0 074 
+0 301 
+0. 229 
-j-o. 108 
4-o. 080 
— 0 042 
-j-o 464 
— 0. 188 
—0. 297 

—3- 966 
+ 2 . 6n 
— i. 663 

+1 973 

+0 838 
+0 323 

+° 317 

+0. 405 
—0 139 
—0. 004 
-1 059 


Mean epoch of correction, 1863 o 


Comparison of transits of Venus with meridian observations. 

39. To show to -what extent the results of the meridian 
observations differ from those of the observed transits over 
the Sun, we form the values of the absolute terms of the 
equations of condition, §37, first by substituting the values 
A of the corrections, and then the values B. We thus have : 
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Residuals m orbital longitude 



1765 5 

1874 9 

18S2 9 

(o?) From meridian obs alone 

- 0" 07 

- 1" 36 

- 2" 54 

( f 3 ) From combined solution 

+ 0" 04 

- 1" 43 

— 2" 78 

(y) From transits alone 

+ 0 " 02 

- 1'35 

- 2" 90 

Discordance, (y) — (o') 

0 

0 

b 

+ 

+ 0" 01 

- 0" 36 

Discordance, {y) — (p) 

- 0" 04 

+ 0 08 

-0" 12 

Residuah m 

orbital latitude 



1765 5 

1S74 9 

1882 9 

{a) From mendian obs alone 

+ 1" 92 

- 0" 77 

- 0" 96 

(ft) From combined solution 

+ 2 U 06 

- 0" 91 

- 1 " 12 

(y) From transits alone 

+ 1 " 95 

- V* 08 

- 1 " 26 

Discordance, (y)—(a) 

+ 0" 03 

- 0" 31 

- 0" 30 

Discordance, (y)~(/ 3 ) 

- 0" 11 

- 0" 17 

- 0" 14 


It will be seen that the combined solution repiesents the 
observations of the transits much better here than in the case 
of Mercuiy 

Solution of the equations for Mars 

40 As the foimation of the normal equations foi Mars was 
approaching its end, a singular discoid mce among the resid 
uals of the partial normal equations foi diffeient periods was 
noticed On tracing the matter out it appeared that while the 
correction of the geocentric longitude of Levrrrier’s tables 
in 1845 and again m 1892 was quite small, the coirection m 
1862 was cousideiable Mow there is an inequality of long 
period, about forty years, m the mean motion of Mars, depend 
mg on the action of the Eaith, and having toi its argument 
15 g' — 8 g This coefficient is of the seventh ordei in the ecoen 
tricities, and the teims of the ninth or even of the eleventh 
order might be sensible m a development in powers ot the 
eccentricities and sines or cosines of multiples of the mean 
longitudes The conclusion which I reached was that the the 
oretical value of this coefficient was not determined with suffi 
cient precision As the work of solving the equations could 
not wait for a new determination ind a new formation of the 
absolute terms of the noimal equations, it was decided to make 
an approximate cmpmcal correction to the theory This was 
used to correct the absolute teims of the paitial normal equa 
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[40 


tions for each period, and the solution was then proceeded 
with. The chances seem to he that by this process the inju- 
rious effect of the error upon the elements derived from the 
equations would be inconsiderable; this is, however, a point 
on which it is impossible to speak with certainty. It is the 
intention of the writer to recompute the doubtful terms of the 
perturbations, and, if possible, reconstruct the absolute terms 
of the normal equations in accordance with the corrected 
theory. Meanwhile, the present work necessarily rests on the 
imperfect theory with the approximate empirical corrections, 
which are as follow : 


SI = 0".30 cos (150' - 80 - 2230) 
cSn = 0".15 cos (15// — 8//) 

As the elements of Mars are derived wholly from meridian 
observations, only one set of equations of condition was formed. 
The results of the solution are shown in the following table; 

MARS. 


Unknowns 

n 

Collections of elements. 

Symbol 

Value 

Factoi 

Symbol 

Value 

[Vi 

~. 02278 

0* 3 

tl M ' 7/1 

0. 0 7 







// 


/ 


-• 44S54 

2 

<u 

0. 897 


J 


+•05479 

2.5 

rfj 

+0. 137 


N t 


~f. 06724 

2-5 

SinJrfN 

f 0. 168 


e 


+ 43803 

V 

0 e 

j 0. 626 


x _ it 


*— . 05056 


(1 7 T 

0. 722 


„ * k 


4*. 07474 

4. 

6 s 

j-o. 299 


J 


— . 49898 

2. 

(U" 

• - 0. 998 


7 T^ 


— . 42409 

2* 

t"ST" 

-0. 848 


a 


+ 18545 

5 . 

a 

+0. 927 


6 


-.04536 

5 - 

6 

— 0, 227 


[/// 


+.05786 

3 * 

<U" 

+0. 174 


r i 

t 

+* 16605 

8. 

l) t <W 

+ r. 328 


L J 

t 

+. 13408 

10. 

IhJ 

4 '• 34 > 


L ^ 

/ 

— . 02263 

10. 

SmJDtN 

- 0. 226 


e 

r 

— 03180 

f 

IV 

0. 182 


7 r 

/ 

— . 00928 


Dt 7T 

—0. 530 


£ 

f 

-f 06097 

16. 

T>ts 

+0. 976 


V /B 

/ 

— . 12597 

8. 

IJ t c f/ 

1 , 008 


k"\ 

/ 

+■ 00 853 

8. 

e” Dt rr // 

4-0. 068 


5 a 

/ 

— 09670 

20. 

l\a 

— 1. 934 


a ^ - 

/ 

— . or 168 

20. 

D t 6 

—0. 234 


\l N \ 

t 

+• 13 m 

12. 

1\<U" 

+ I -573 
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Reference to the ecliptic 

41 In all the preceding determinations the planes of the 
orbits aie referred to the plane of the Earth’s equator, or, to 
speak more exactly, to a plane through the Sun parallel to the 
Earth’s equator As in astronomical piactice the ecliptic is 
taken as the fundamental plane, it is necessaiy to in\estigate 
the reduction of the elements from one plane to the othei 
Let us consider the spherical triangle formed on the celestial 
sphere by the plane of the orbit, the plane of the ecliptic, and 
the plane of the Earth’s equator Eor the sides and opposite 
angles of this triangle we nave 

Sides 1ST 6 y, 

Opposite angles i 180° — J e 

When equatonal coordinates are used, the position of the 
planet is considered as a function of the three quantities 

J? £ (a) 

When ecliptic coordinates are used, the three corresponding 
quantities are 

@9 e (b) 

Taking the set of quantities (a) as the fundamental parts of 
the triangle, and expressing the corrections of the other parts 
as functions of them, we have 

^ i = + cos fid J + sin rfi sm Jd£T — cos Ode 
sin id 0 = — sm fid J + cos fi sm JdN + cos i sm Ode ^ 

Taking (b) as the fundamental parts, we have for the correc 
tions to N and J 

$ J = cos fidi — sm fi sm idd + cos Nds 
sm Jd JSr= sm fidi + cos fi sin id 6 — cos J sm B [tie ^ 

The numerical values assigned to the coefficients m these 
equations are those corresponding to the mean epoch 1850 
The fact that they change somewhat in the course of a hundred 
years has not been taken ai count of The future astionomer 
will meet with a leal difficulty in that the corrections to a 
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set of elements at one epoch do not accurately correspond to 
similar corrections at another epoch. It is impossible to do 
away rigorously with the difficulty thus arising, except by 
introducing a more general system of elements than elliptic 
ones. The error is, happily, not important in the present state 
of astronomy. The equations in question for the three planets 
are as follow: 

Mercury. 

Si = + J799 S J + .602 sin J S ET — .688 Ss 
sin iS 6 = - .602 SJ + .799 sin J S S' + .721 Ss 

Venus. 

Si = + .373 S J + .928 sin J _ .255 Se 
sin iSd = — .928 S J + .373 sin J S 1ST + .967 Ss 

•' .. , 

' . ^ i 1 iii 1 - i 1 iw '•> t s tj ; t , ^ w - 

Si = .703 S J + .712 sin J S M — .661 Ss 

sin iS 8 = — .712 <JJ + .703 sin J S N + .747 Ss 

For the inverse relations we have — 

Mercury. 

S J = .799 Si — .602 sin iSO + .983 Ss 

sin J 6' 17 = .602 Si + .799 sin iS8 — .162 Ss 

Venus. 

S J = .373 Si - .928 sin iS6 + .990 Ss 

■ ' ~ si# J SJSf ==; .928 Si + .373 sin iSd — .125 Ss 



Mars. 


S J = .703 Si — .712 sin iS8 -f .998 Ss 
sin J S 17 = .712 Si + .703 sin id 6 - .052 Ss 



CHAPTER IV 


COMBINATION OB THE PRECEDING RESULTS TO OBTAIN 
THE MOST PROBABLE VALUES OF THE ELEMENTS 
AND OF THEIR SECULAR VARIATIONS FROM OBSER- 
VATIONS ALONE 

la the two preceding chapters are derived four separate 
values of the six corrections, a , 6, 6s, 61", 6e", and e"6n", and 
of their secular variations, which pertain to the orbit and 
motion of the Earth relative to the stars We have now to 
combine these four results so as to derive the most probable 
values of the twelve unknown quantities m question 

Deviations from the method of least squares 

42 If we applied without modification the principles ot the 
method ot least squares, we should first eliminate the elements 
and secular variations for each planet fiom the normal equa 
tions given by observations of that planet, which would leave 
us with three sets of normal equations, containing only the 
twelve quantities depending on the motion of the Earth We 
should then reduce these normal equations to equality of 
weight, by multiplying each of them by the appropriate 
factors, and we should then considei the observed coi rections 
to the solar elements denved from observations of the Sun 
alone as affording equations of condition to be reduced to the 
adopted system of weights, and then multiplied by their coefifi 
cients and added to the normal equations The solution of 
the single set of normal equations thus formed would lead to 
the definitive values of the solar elements and of their secular 
variations, which, being substituted in the eliminating equa 
tions from each planet, would lead to the definitive elements 
of the planet and of their secular variations 
This proceeding is not, however, advisable m the piesent 
case, because, owing to the immense mass of material worked 
5690 N at.m 6 
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up, the errors to bo principally loured arc not the accidental 
ones, of which alone the method of least, squares takes account, 
but the systematic ones arising - principally from personal 
equation and imperfect reduction of the observations to the 
actual center of the planet or of t in' Hun, These errors affect 
different elements in very different ways and to different 
amounts; from some they will be almost completely elim- 
inated and from others they will not. Wo must therefore pro- 
ceed by a tentative process, ascertaining at each step, so far 
as possible, how each result will come out before we aeeept it 
as final, to be combined with other results. In doing this it 
is necessary to deviate so widely from what are commonly 
regarded as fundamental principles of the theory of the com 
bination of observations that a brief presentation of tin* prin- 
ciples involved is appropriate. 

It is frequently accepted as an axiom that when we have 
several non-aceordant determinations of the same quantity, 
between which we have no reason for choosing, the most prob 
able value is the arithmetical mean. The operation of taking 
the arithmetical moan is, in fact, the simplest application of 
the method of least squares. The fundamental hypothesis on 
which this method rests is that the probability of an error of 
magnitude i x is given by the well-known exponential oqun 
tion 

h h% ** 

<P (h, x) <ht> «=s —L—e da, (a) 

v n 

h, the modulus of precision, being a constant. It was shown by 
Gauss that this function for the probability follows rigorously 
from the principle of the arithmetical mean. Ifc therefore f<j|. 
lows that the method of the arithmetical mean, and therefore 
that of least squares, is rigorously correct only ho far m the 
law of error is expressed by the above exponential function. 

It scarcely needs to be pointed out that, as a matter of fact, 
the law of error in question is not true. Not only so, but in 
astronomical experience it deviates from the truth in si way 
admitting of precise statement. It presupposes that the mod- 
ulus of precision is a determinate quantity. Were this the 
case, then, to take a single instance, the probability of an 
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error five times as gieatas the probable en or would be less 
than 0 001, and the probability of an error six tunes as great 
would be about 0 0001 This is not true, because, taking the 
function cp (h, a) as a basis, we in ly say that the modulus of 
precision, h, is neaily always m practice an uncertain quan 
tity Let us then put 


h\, hi, h i, 

for the possible values of h, and 


Pi, Pi, P 3) 

for the several probabilities that h has these respective values 
Then the probability function will become 

9 ( x ) =Pi 9 Oh, *) + lh 9 Oh, i) + ( b ) 

Now this form can not be reduced to the form (a) with any 
value whatever of the modulus h If we make the closest rep 
resentation possible, we shall have a cuive in which small 
values and large values of x aie relatively loss probable as 
compared with the facts than aie intermediate values To 
show that this is the actual case, let us suppose that we have 
three detei ruinations of an unknown quantity If we pioceed 
in the usu >1 way, we should infer the value of h, the measuie 
of precision, from the discordance of these tlnee values But 
it is evident that this determination of h would be veiy uncci 
tain Should the thr< e values < hance to be lor tun itely icr ord 
ant, then, piocoedmg m the usual way, oiu 1 unction would lead 
to the conclusion th.it the piobability of an erroi of a certain 
magnitude m the inrun was very small, when, as a inattei of 
fait, it might he veiy considerable* The value of h bring 

* To take a simple and quite possible mstani o, lot tlueo observations of 
astai with a meridian circle givo, for the seconds of declm ition, 0 ' 4, 0" 5, 
and 0" 6 Bj the canons ol least Bquaics the me in insult would be 

0" 50 ±0" Odd 

and the piob ilulitj ol an t nor as gie it as 0" 1 would come out about 0 08 
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uncertain, tlie true form of tlie function is not (a) but (&). It 
follows that we may lay down the following general rule : 

The best value from a system of non- accordant determinations 
is not the arithmetical mean , but a mean in which less weight is 
assigned to those results ichich deviate most widely from the 
mean of the others. 

I have considered tlie subject from tins point of view in tlie 
American Journal of Mathematics, Vol. VIII, p. 343, and given 
tables for determining the weights to be assigned to the results 
when the law of error is that derived from several hundred 
observed contacts of the limb of Mercury with that of the Sun 
during transits of the planet. 

Another well-known defect in the method of least squares 
is that it does not take any account of systematic errors, The 
greater the number of observations that are combined, the 
larger the proportion in which the errors of the results may 
be due to the systematic errors in the observations or the 
elements of reduction. Although such errors may elude inves- 
tigation so far as their determination and elimination is con- 
cerned, we may yet be able to point out their origin, and to 
show to what extent they would influence each separate result. 
Of son\e results we can say with entire confidence that they 
are but slightly affected with systematic error; of others, that 
they may be very largely so affected. In the latter case, the 
weights of the results, as determined from the solution of the 
normal equations, give no clue whatever to the probable mag- 
nitude of the error. 

The result of this is that in the following paper we are more 
than once confronted with the following problem: Among 
several determinations of a quantity one is known to be free 
from systematic error and to be affected with a well determined 
probable mean error, A s. There are also one or more other 
determinations of which the probable^ error is unknown and 
can not be determined, because we have no sufficient knowl- 
edge of the probable effect of systematic errors upon the result 
What shall be the relative weight assigned to two such results 
in order to obtain the mean! The decision of this question is 
necessarily a matter of judgment, the grounds for which it 
might be extremely prolix to state at length. An attempt has 
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been made m tnese cases to classify tbe i esults, so as to give 
a general idea of wliat is likely to be their modulus of pre 
cision, and weight them accordingly 

Any attempt at numerical accuracy in such an estimate 
would be laboi thrown away It has theretore been consideied 
suikcient in such cases to state what the conclusion of the 
author is, leaving its revision and cuticisin to the future 
mvcstigatoi Indeed, in some cases, as m that of the correc 
tion to the centennial motion of the Sun in longitude, a con 
venient lound number has been chosen, very near to the result 
of well determined weight 

We should be carrying the preceding conclusions too far if 
they led us to a general distrust of the conclusions reached by 
the method of least squares The doctrines that there is a 
necessary limit to the accuracy with which astronomical deter 
ruinations can be made, that systematic enors necessarily 
affect every such determination, and tnat the canons of least 
squares necessarily lead to illusory piobable eirors, aie too 
sweeping We may lay down the general 1 ule that if we have 
a sufficient number of really independent determinations of an 
unknown quantity, of which we individually know nothing 
except that they are the results of actual measures, and not 
mere guesses, then the authmetical mean will be a definite 
result, the probable deviation from which will actually follow 
the law given by the canons in question with a closeness 
which will continually increase with the numbei of independent 
deteinun itions 

It we have such knowledge ot the relative values of the 
various determinations as to assign gieater weight to some 
than to others the lesult will be still better when those 
weights aie used, provided always that they are assigned 
without undue bias m favoi of those results which most nearly 
approach the a alue supposed to be approxnn itely correct 

These considerations lead me to a policy which I have 
always adopted when it was easy to do so in the following 
discussions, namely, that ot so conducting the work as to 
lead to as many independent determinations of a quantity 
as possible, and of always giving a less relative weight to such 
sets of determinations as might fiom any cause whatever be 
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supposed aftected by an important common source of error. 
Where the independent determinations are few in number, the 
computation of a definite probable error is impracticable, and 
the probable mean error assigned is necessarily a result of a 
judgment based on all the circumstances. 

Relative precision of the two methods of determining the elements 
of the Earth's orbit. 

43. When the system of determining the solar elements from 
observations of the planets as well as of the Sun was originally 
decided upon, it was supposed that the two methods would 
give results not greatly differing m accuracy m the case of any 
of the elements. This, however, is proved by the results not to 
be the case. Attention has already been called to the extreme 
consistency of the values found for the correction to the eccen- 
tricity and perihelion of the Earth’s orbit from observations of 
the Sun. This consistency inspires us with confidence that 
the probable errors of the corrections to the elements as given 
do not exceed a few hundredths of a second. But the deter- 
mination of these elements from observations of Mercury and 
Venus may be seriously affected by the form of the visible 
disks of those planets, which results m observations being 
made only upon one limb when east of the Sun and the other 
limb when west of it. Thus personal equation and the uncer- 
tainty of the semidiameter to be applied in each case may have 
an effect upon the result. But personal equation is likely to be 
smaller m the case of Mercury than in that of Venus, owing 
to the smallness of its disk. 

There is another Circumstance which weakens the inde- 
pendent determination of the Barth’s eccentricity and perigee 
from observations of the planets. If we define the otbit of a 
pl«t, not as a curve, but as the totality of points which the 
planfet Obofifefe^ at a great number of given equidistant moments 
during its revolution, then it is easy to see that the general 
mean effect of ah increase of the eccentricity is to displace the 
entife orbit toward the point of the celestial Sphere marked by 
its aphelion, while the effect of a change of its perihelioh is to 
move the entire orbit ih its own plane in a direction at right 
angles to the line of apsides. The result is that in a series of 
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observations of i planet from the Earth the corrections to the 
eccentricity and peuhelia of the two orbits can not be entirely 
independent, and we can deteimme with entne precision only 
two linear functions expressive of the relative displacements 
lust descnbed It miy be admitted that, were observations 
exactly similai m kind nude around the entne lelative orbit 
m equal numbers, the effect ot the pnncipk system itic enois 
would beneaily eliminated fiom the result But wc cm not 
relv upon this being the case, and even weie it tin < ase there 
would piobabby be i lesidurl elicit which would be large m 
propoition to the mtei dependence of the two sets of tonec 
tions But m this connection the impoitaiit remark is to be 
made that, so far as these systematic errois aie invariable, 
they would not affect the secular variations, but only the abso 
lute values of the elements We may therefoie assign gi eaten 
lelitive weights to the foimei than to the litter 

So fai as we can classify the results, I ha\ e concluded that 
m the case of the secular variations of f, e", and tt", the weight 
of the determination from Meicury and Venus might receive a 
weight one fifth that from the Sun But m the case of the 
absolute values of these quantities, it would seem from the 
discoi dance of the results tint the lelitive weight of the 
planetary lesults should bo much smaller 
In deiling with the common enoi, a ) of the adopted Bight 
Ascensions of tlu stars, it is to bo remarked that we may 
legard the observations in Right Ascension as fitted to give 
the values of a + Sl" 7 while SI" necessanl\ depends solely 
upon the observations of dedi nation, rn elicit if not m form 
Hence, although the unknown quantities of the solution aie 
a and til", T hive deemed it best to derive the result by 
legal ding a + SI" is the quantity to be first found, instead of 
ot itself 


Secular variations of the solar ( U aunts 

44 The following fable shows the <on< etions to the tabular 
seculai variations of the solar elements, as they have been 
found fiom obsci vntions In the cases of Meicury and Venus 
the results of both solutions are given for the sake of < ompan 
son, although only solution B is used The lei itive weights 
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have been determined by the considerations already set forth. 
In the case of Mars, the final determinant of the solution for 
the solar elements came out so- nearly evanescent as to show 
that no reliable values could be obtained, a result which we 


Corrections to the secular variations of the solar elements derived 
from observations only . 



Dtde 

Dtd/" 

Dt d e f/ 

From observations of — 

The Sun 

Meicury, solution A 

« « B 

Venus, solution A __ 

“ “ B 

Mars 

/; w. 

+0 48 s 
+0. 27 
+0 39 1 

+° 29 

+0 72 1 

+1 °3 i 

// w 
—0 97 1 

—0. 58 
— 1 26 1 

— 0 90 
— 1 06 1 

// w 
+0 23 5 

—O 47 
+0. 32 I 
-j-o. 28 
+0 32 1 

Mean . 

Adopted _ _ _ _ 



00 00 

O O 
++ 

— 1. 10 

— x. 00 

+0. 26 

4-0 21 


e" D t 6 7 r" 

V> t {a + Sl") 

Dta 

From observations of — 

The Sun 

Mercury, solution A 

“ “ B 

Venus, solution A 

“ “ B 

Mars 

// w. 

+° 32 5 

— 0. 40 
— 0. 29 1 

+0 32 
-(-0 46 1 

// w 
—0 63 2 

— I. 84 

—2.05 3 

— I 20 2 

// 

+0 34 
— x. 26 
0. 79 
— o- 33 
— 0. 14 

Mean 

Adopted 




-1-0.25 
-|-o 26 

— I. 40 

— I 30 

—0. 30 
—0. 30 


might expect, because, in order to separate the principal ele- 
ments of the Earth’s orbit from those of the planet, observa- 
tions should be continued all around the relative orbit, whereas, 
as a matter of fact, they are generally made only near the time 
of opposition. I have judged, however, that the correction to 
the secular variation of the obliquity obtained by putting 
~D t d l" = — 1".00 in the equation for D t <? e might enter with 
half the weight that it does in the cases of Mercury and 
Venus. Before the final values and weights of the quanti- 
ties m the table had been definitively revised, provisional 
values were used in the subsequent part of the investigation. 
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These provisional values aie given m the last line of the table 
It is also to be noted that the seoulai variations of e, e" n, n" 
and s in the definitive theory and tables are those computed 
from the adopted masses of the planets 

Correction to the standard of Decimation 

45 The results foi the secular vanation of 0, the common 
erroi ot the standard Decliu itions within the zodiac rl limits, 
are not given m the tible, as other data aie available for its 
determination The following shows the separate values of 
6 and its secular variation, derived from observations of the 
planets to Saturn inclusive For reasons already stated obser 
vations of the Sun are not used for this purpose 


From observations of Mercury, 
Yenus, 
Mars, 
Jupitei, 
Saturn, 


" " m 

d= -0 18-049T, 2 

— 0 19 — 0 00 T, 1 

— 0 21 — 0 23 T , 4 

— 0 04 — 0 43 T, 3 
+ 0 04 — 0 68 T , 4 

S = - 0" 09 - 0" 42 T 


Mean 

Adopted , d = — 0 08 -0 50 T 


Hot only observations of the planets but those of the fixed 
stais aie available tor the determination of d and of its secular 
vanation In the discussion of the Declinations derived from 
observations with the Greenwich and Washington tiausitcir 
cles ( Astronomical Papers, Yol II), I have shown that the 
Gieeiiwu.li obsei v itions indicate, with some uncertainty, a 
sec ul.ii variation of the corrections to the standard decliua 
turns which will give a value of about —0" 55 for the seen 
lar variation of 6 But Bradley’s Declinations, as leduccd 
by Aitwers, would give a still laigei negative value, approxi 
mating to an eutne second As the \alue which we may 
assume foi S does not gieatly influence the other elements, 
I hive adopted as a convenient probable result, the vana 
tion -0" 50 T 
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Definitive secular variations of the planetary elements from obser- 
vations alone. 

46. Having decided upon tlie adopted values of the six 
quantities found in the last article, we regard them as known 
quantities, and substitute them in the eliminating equations, 
which give the values of the remaining secular variations. 
As the unknown quantities m these equations are not the 
corrections themselves, but certain functions of them, we pre^ 
pare the following table, showing the formation of the quan- 
tities which are to be substituted in the several equations. 
The table scarcely seems to need any explanation, except that 
the unknown quantities given in the three columns on the 
right are formed by dividing the secular variations for twenty- 
five years by the coefficients given m § 27. 

Adopted secular variations of the solar unknowns , to be substi- 
tuted vi the eliminating equations for the several planets. 



Mercury. 

Venus 

Mars. 

D t <M" = - 1".00; [l " 

]' = -0.250; 

0.0625 j 

-0 0833; 

D t <y = - 0 .50; [d 

1' = -0.125; 

-0.0250; 

-0.0250; 

D t a = - 0 .30; j [a 

]' =-0.075; 

-0.0750; 

-0.0150; 

e ,, T> t dn" - +0 .26; [n" 

]' =+0.108; 

+ 0.0325; 

+ 0.0325; 

D t tfe" = + 0 .21; [ e" 

]' =+0.087; 

+ 0.0210; 

+ 0.0262; 

D t <?s = +0 .48; [ s 

]' =+0.120; 

+ 0.0300; 

+ 0.0300. 


To facilitate a judgment or rediscussion of this part of the 
process, we give on the next three pages the normal equations 
between all the Secular variations which remain after the cor- 
rections to the elements of the Sun and planets are eliminated 
from the original normal equations. We give these rather 
thaU the eliminating equations which were actually used in 
the Substitution, because they show more fully the relations 
betr#eeh the unknown quantities, and can therefore be better 
used in aUy Ulterior discussion. Regarding the preceding six 
quantities as known, and substituting them in the normal 
equations for the secular variations, we derive the definitive 
values of the secular variations which relate to the planets. 
They are shown in the next table. In the latter the values of 
the solar elements are repeated for the sake of completeness. 
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Matrix of normal equations for the secular variations after the elements are eliminated . 

[The equations are to be completed by adding tbe terms to complete a symmetric matrix.] 
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Matrix of normal equations for the secular variations after the elements ai e eliminated 
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Values of the secular variations as derived from observations 

only. 




Unknown. 

Corr. 

Tables. 


Result. 




/' 

// 


// 

Mercury. 

D t e 

-.0691 

-0.83 

+ 4.19 

+ 

3.36+0.50 


eD t ?r 

+ .1577 

+ 1.30 

+ 116.94 

+ 118.24+0.40 


D t i 

+ .0593 J 

+0.83 

+ 6.31 

+ 

7.14+0.80 


sin i D t 

9 +.081517 

+ 0.70 

- 92.59 

— 

91.89+0.50 


D t Sl 

—.0967 

-1.55 




Venus. 

D t e 

+ .1393 

+1.67 

- 11.13 

— 

9.46+0.20 


eD t 7t 

+ .0685 

+0.82 

- 0.53 

+ 

0.29+0.20 


D t i 

+ .1153 J 

-0.65 

+ 4.52 

+ 

3.S7+0.30 


sin i D t 

6 -.059217 

-2.73 

-102.67 

-105.40+0.12 


D t 3i 

-.1919 

-3.84 




Earth. 

D t e 


+0.21 

- 8.76 

— 

8.55+0.09 


eD t ;r 


+0.26 

+ 19.22 

+ 

19.48+0.12 


Dt £ 


+0.48 

- 47.59 

— 

47.11 + 0.25 

Mars. 

D t e 

—.1190 

-0.68 

+ 19.68 

+ 

19.00+0.27 


eD t 7r 

+ .0536 

+ 0.29 

+ 149.26 

+ 149.55 + 0.35 


D t i 

+ .1136 J 

+ 0.17 

- 2.43 

— 

2.26 + 0.20 


sin i D t 

9 — .0442 N 

-0.76 

- 71.84 

— 

72.00 + 0.20 


D t Sl 

-.0946 

-0.76 





The first column of numbers in this table gives the unknown 
quantity as found immediately from the eliminating equations. 
These quantities being multiplied by the factors given in 
§27, we have the corrections to the tabular secular varia- 
tions, as given in the column “ correction.” The next column 
gives the value of the tabular secular variations, which are 
in all cases those actually adopted by Leverrier. In the 
case of the Earth, as has been pointed out by Sturmer and by 
Innes, the secular variation of the radius Vector does not cor- 
respond to that of the longitude. But as ’that of the longitude 
is the preponderating quantity in its effect on geocentric 
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places, I have regarded the value of the ecoentr city used in 
the tables of the equation of the centei as the tabular one to 
be adopted 

The numbeis in. the column “Unknown,” which aie followed 
by the letters J and N, aie the respective values of [J]i and 
[N"]i, which are changed to 8 1 and sm % S 6 by the equations 
of § 41 

Finally, we have the results given in the last column for the 
actual seculai variations of the sevei il elements as denved 
from the piecedmg discussion of all the observations 

The result is followed by the probable mean error of each of 
t|xe quantities as estimated from th e probable magnitude of 
the sources of error to which they are liable As m other 
cases, these quantities are very largelv a mattei of judgment, 
because the probable eirois as detei mined m the usual way 
from the eliminating equations would be entirely unreliable 

Definitive corrections to the solar elements for 1850 

47 Leaving the above i esults to be subsequently discussed, 
we go on with the solution of the equations By a continuation 
of the process just desenbed, we regard the piecedmg secular 
variations as known quantities, and substitute them m the 
eliminating equations for the solar elements which aie derived 
from the normal equations foi each planet By this substitu 
tion, we reach three fresh sets of values of the corrections of 
the solar elements themselves, one set fiom the observe tions 
of each planet, which are to be reduced to 1850 and combined 
with those already found from observations of the Sun, m 
order to obtain the most prob ible result 

Here we meet with the same difficulty that confionted us m 
the case of the secular variations With the exception of the 
Sun’s mean longitude, we are to regard the results derived 
from each of the planets as affected by obscure sources of 
systematic error, the probable magnitude of which can only 
be inferred from the general deviation of the quantities them 
selves As m the former case, a is not regarded as a quantity 
independently determined, but 81" has been taken instead 
The concluded value of a is then found by subtracting 8Vi 
from 8l u -f a Since the corrections to the solar elements 
pertain to each separate epoch, those derived from the obsex 
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vations of the planets are severally reduced to 1850, and the 
results are shown in the following table: 

Separate values of the corrections to the solar elements for 1850 , 
after the above definitive values of the secular variations are 
substituted in the eliminating equations from solution B 1 
reduced to 1850 . 


A € 

61 " 

6 e" 

<? // d7T // 

a + dl" 

a 

From observations of — 

// 

// 

// 

// 

// 

// 

The Sun 

- — 30 

+ °5 

+ . 10 

OO 

— . 02 

— .07 

Meicury 

- + 13 

+.07 

+ 48 

— . 47 

+ . 60 

S3 

Venus 

- + *3 

— 17 

+ 06 

—.07 

+ • 34 

+ S° 

Mars _ . 

■ + 25 

+ 24 

— 83 

— . 82 

+ 1 18 

+ 94 

Adopted 

. — 20 

— 02 

+ . 12 

-.04 

+ 46 

+ 48 


These adopted values are employed in the subsequent stages 
of the discussion, but are not in all cases regarded as definitive. 
In the case of e the value — 0 // .20 is that which I have actually 
used m the subsequent determinations of the elements, but for 
the final value of the obliquity it will be seen that I have 
taken — 0+15 as more probable. 



CHAPTER V 


MASSES OF THE PLANETS DERIVED BY METHODS INDE- 
PENDENT OF THE SECULAR VARIATIONS WITH THE 
RESULTING COMPUTED SECULAR VARIATIONS 

48 The pi in of discussion laid down m (Jhaptei I contem 
plates the determination of the masses of each of the planets 
from all data independent of the secular variations, in order 
to deteimme how far the observed secular variations can be 
reconciled with these masses The following is a summary of 
these determinations The planets outside of Jupiter need no 
discussion as the well known determinations of their masses 
are amply iccurate foi all oui present puiposes 

J/ass oj Jupito 

4<> One of the woiks connected with the piesent subject has 
, been the determination of the mass of Jupiter from the motions 
of(3j), Polyhymnia My work on this subject has not yet been 
printed in full, but I have given in Aitronomische Nachnchten 
No 3249 (Bd 136, S 130), a buef summary of the results The 
mass of Jupiter has been derived not only from the motions 
of Polyhymnia, but fiom such other sources as seemed best 
adapted to give a reliable result The following table, tran 
scribed fiom the publication in question, shows the separate 
lesults and the conclusions finally reached 

Recipiocal of mass of Jupitei from — 

All obseivations of the satellites, 

Action on Faye’s comet (Moller), 

Action on Themi* (Krueger), 

Action on Saturn (Hill), 

Action on Polyhymnia, 

Action on Winnecke’s comet (v Haerdtl), 


1047 82 1 

1047 79 1 

1047 14 5 

1047 38 7 

1047 34 20 

1047 17 10 


1047 35 
me ± 0 065 

5690 w ALM 7 07 
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It will be seen that the result from observations of the satel- 
lites has been assigned a very small weight. This course has 
been indicated by the circumstances. Other conditions being 
equal, the greater the mass of a planet the less the propor- 
tionate precision with which that mass can be determined by 
observations on the satellites. In any case, if the measures of 
the distances between the satellites and the primary are in 
error by a small fraction, of their whole amount, then the 
error of the mass will be in error by the fraction 3^ of its 
amount. For reasons founded on the construction and use of 
the heliometer, I doubt whether the absolute measures made 
with those forms of that instrument winch have been used in 
determining the mass of Jupiter can he relied upon within 
their three-thousandth part, if so, the determination of the 
mass of the planet itself would be doubtful by its thousandth 
part in each separate case. The chance of personal equation 
between transits of the satellites and the planet vitiates in the 
same way the results from observed transits of the planet and 
satellites. Not withstanding the great refinement of the dis- 
cussion by Kempf of observations made at Potsdam, and the 
care with which he, Soiiur, and others have determined the 
mass of Jupiter by a discussion of all the observations of the 
satellites, I can not conceive that the probable error of any 
possible result they could derive would be less than 0.3 or 0.4 
in the denominator. 

In this connection the discordances between the mass of 
Saturn, found by Prof. Hall and by other observers from 
observations of the satellites, are worthy of consideration. 
They lead us to suspect that perhaps it is through good for 
tune rather than by virtue of their absolute reliability that 
determinations of the mass of Jupiter from observations of the 
satellites have agreed so well. 

As to the weights assigned to the other results, only the last 
needs especial mention. The probable error assigned by v. 
Haerdtl to his result is very much smaller than that which 
I find for the mean of all the results. But, as remarked in the 
paper in question, it has received a smaller relative weight 
than that corresponding to its assigned probable error, because 
of distrust on my part whether observations on a comet can 



99 


49, 50, 51] MASSES OF THE EARTH, MARS, AND JUPIiER 

be considered as having always been made on the center of 
gravitj of a well defined mass, moving as if that center weie 
a matenal point subject to the giavitation of the Sun and 
planets This distrust seems to be amply justified by our 
general experience of the failure of comets to move m exact 
accordance with then ephemendes 

I propose to accept the value thus found, 

Mass ot Jupitei = 1 — 1047 55 
as the definitive one to be used in the planetary theories 
Mass of Mars 

50 In consequence of the minuteness of the ma»s of Mais, 
measures of its satellites, especially the outer one, afford a 
value of its mass much better than can be denved by its action 
on tlie planets When neaiest the earth, the major axis of the 
orbit of the outer satellite subtends an angle of 70" I can 
not think that the systematic enoi to be feared in the best 
measures, such as those made by Prof Hall, < an be as great 
as half a second It therefore appeals to me that the mean 
error in adopting Prof Hall’s value of the mass does not 
exceed its fiftieth part This is a degree ot precision much 
higher than that of any determination through the action of 
Mais on another planet 

Prof Halt’s measuies of 1892 show a minute mciease of 
the mean distance given by his woik of 1877 The lesult is— 

v"' =-f-0 014 

These observations, however, were made when the position of 
the orbit of the satellite was unfavorable to an exact deter 
mination of the elements of motion I have adlieied to the 
original value m the work of the present chapter 

Mass of the JHatth 

51 I have already pointed out the difficulty in the way of 
detei mining the mass of the Earth fiom its action on the 
other planets On the othei hand, the solar parallax has, in 
recent yeais, been determined in various ways with such 
precision that the mass of the Earth to be used m the plan 
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etary theories can best be derived from it. The theory of the 
relation between the mass of the Earth and its distance from 
the Sun, as given by observations of the seconds pendulum 
and the length of the sidereal year, is one of the best estab- 
lished results of celestial mechanics. It is, in effect, the 
principle on which the lunar theory is constructed. In this 
theory the disturbing action of the Sun is necessarily a func- 
tion of the ratio of the mass of the Sun to that of the Earth. 
But in the accepted theory this ratio is eliminated through 
the ratio of the lunar month to the sidereal year. From the 
well-established ratio between the distance of the Moon and 
the length of the seconds pendulum, the ratio of the masses 
ot the Sun and Earth come out of this theory with great 
precision. It need not be developed here; it will suflice to 
give the numerical result, which is that between the ratio M 
of the mass of the Sun to that of the Earth and the mean 
equatorial horizontal parallax of the Sun in seconds of arc 
there exists the relation 


M = [8.35493] 

I have derived seven values of the solar parallax by different 
methods, of which the following are the preliminary results: 


Gill’s observations of Mars, 1877, 
Contact observations, transits of Venus. 
Aberration and velocity of light, 
Parallactic equation of the Moon, 
Measures of small planets on Gill’s plan, 
Leverrier’s method, 

Measures of Venus from Sun’s center, 


" " Wt. 

8.780 ± .020 ] 

8.704 ± .018 1 

8. 798 i. 005 10 

8.799 ± .007 5 

8.807 ± .007 8 

8.818 A .030 0.5 

8.857' d-i.OM" 1 ",',!, 


Mean result, n = 8V802 ± 0".005 


I have provisionally taken this mean as the most probable 
value of the solar, parallax derived from all sources except the 
mass of the Earth. The above relation then gives 


M = 332 040 
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Taking foi the mass of the Moon 1 — 81 52, we have for the 
ratio of the combined masses of the Earth and Moon to the 
mass of the Sun 


a result of which the probable erroi may be regarded as some 
thing more than i thousandth part of its whole amount 


Mass oj Venus 

52 The mass of Venus adopted m the provisional theory, 
to which Leverrier’s tables weie reduced, was 000 002 4885 
= 1 — 401847, which is that of Leverrier’s tables of Mer 
cury In the preceding discussions the following three factors 
of coirection to this mass have been found 


From observations ot the Sun 
Fiom observations of Mercury 
From observations of Mai s 
Mean 


— 0118 ± 0034 

— 0121 ± 0050 

— 0076 ± (*) 

— 0119 ± 0028 


The mean erroi assigned to the result from observations of 
the Sun may be regarded as real, because the Jesuit is the 
mean of a great number of completely independent determma 
tions, among which no common error is either a priori prob 
able or shown by the discordance of the results In the 
case of Mercury, however, as already remarked, the effect of 
systematic errors is such that, although they aie almost com 
pletely eliminated from the result, the mean erroi computed 
m the usual way would be misleading The weight assigned 
is therefoi e largely a matter of judgment 

The fact that it was necessary to introduce an empirical 
coirection, with a period of about forty years, into the mean 
longitude of Mars, vitiates the determination of the mass of 
Venus from its action on that planet, because one of the prin 
cipal terms in the action of Venus on Mars has a period which 
does not dilfer fiom forty yeais enough to make the deteimi 
nation of the mass independent of this empirical collection 
I have therefore assigned no weight to the result We thus 



102 


MASS OF MERCURY. 


[52, 53 

have for the mass of Venus, as derived from the periodic per- 
turbations of Mercury and the Earth produced by its action. 

m' = 1 40G GOO ± 1140 

Mass of Mercury. 

53. The mass of Mercury which 1 have heretofore adopted, 
1—7 500 000, was rather a result of general estimate than of 
exact computation. The fact is that the determinations of 
this mass have been so discordant, and varied so much with 
the method of discussion adopted, that it is scarcely possible 
to fix upon any definite number as expressive of the mass. 
An examination of Leverrier’s tables of Venus shows that 
with the mass of Mercury there adopted (1:3 000 000) Mercury 
frequently produces a perturbation of more than one second 
in the heliocentric longitude of Venus. When the latter is 
near inferior conjunction, the actual perturbation will be more 
than doubled in the geocentric place, so that the latter might 
not infrequently be changed by 1", even if the mass of Mer- 
cury be less than one-half Leverrier’s value. Et was there- 
fore to be expected that a fairly reliable value of the mass of 
Mercury would be obtained from the periodic perturbations 
of Venus. 

Eeferring to §27, it will be seen that the indeterminate mass 
of Mercury appears in the equations in the form 

1 + 7/i 
3 000 000 

From the solution B, § 38, the value of jx comes out 

jx = — 010834 

corresponding to a mass of Mercury of 1: 7 240 000. But in 
a subsequent solution of the equations, when the secular vari- 
ations are determined from theory and substituted in the 
normal equation for /q we find 

yu = — 0.0889 

which gives 

m — l — l 943 000 ' 

The work of the present chapter is based on the former 
value. 
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A consideration of the probable error of this result is lmpor 
taut The fortuitous errors which mostly affect it are of the 
class which I have termed semi systematic Under this term I 
include that large class of errors which, extending through or 
injuriously affecting i limited series of observations, cause the 
probable error of a result to be largei than that given by the 
solution of the equations, but which, ne\ eitheless, like puiely 
accidental ones, would be eliminated from the mean lesult of 
an infinite senes of observations To this class belong the 
eirois ansmg from peisonal equation m observing the limb of 
Venus, oi, what is the same thing, a difference between the 
practical semidiameter corresponding to the obseiver and that 
adopted in the reductions We may suppose that, during a 
period of several days, when Venus is not far fiom mferioi 
conjunction, its geocentric position is affected by a peituiba 
tion produced by Meicury Through the enoi alluded to, all 
the observations made b} anyone obsemei and in fact all 
that me made anywhere, may be affected by a certain con 
stant enoi m Right Ascension Hear anothei infeiioi con 
junction the same state of things may be repeated, with the 
peituibation in the opposite direction If, now, the obseiva 
tions were made by the same obsei\ei, and undei the same 
circumstances, the peisonal eiroi would be elimm ited from 
the mean of these two results so far as the mass of Mercury is 
concerned But very frequently different observers will have 
made the observations undei the two cncumstances, and clif 
feient conditions will have prev ailed Thus, it is only through 
the general law of aveiages that we can expect the effect of 
these fortuitous but systematic enors to be completely elim 
mited That they would be eliminated m the long run is 
evident from the fact that theie can be no permanent rela 
tion between the personal equations of the observers and the 
changes m the action of Mercury upon Venus Moreover, 
Venus has been observed with a fair degree of accuiacy 
tlnough more than half a century, and it seems reasonable 
to suppose that during that trine the enors m question would 
nearly disappear 

It is clear from these considerations that the piobable 
error denved from the solution of the equations would be 
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entirely misleading. But a probable error which ought to be 
reliable can be obtained by a process similar to that which I 
have adopted elsewhere m this paper, namely, dividing up the 
materials into periods, and determining the probable error from 
the discordances among the results of the several periods. 
This probable error will be reliable, because there is no reason 
why the same error should affect the mass of Mercury through 
any two periods. I therefore take the partial normal equa- 
tions in pi derived from Right Ascensions during the several 
periods, substitute in them the values of the unknown quanti- 
ties found from solution B, pi excepted, and thus form six- 
teen partial normal equations in pi. These equations may be 
changed into the corresponding equations of condition, of 
weight unity, by dividing each by the square root of the 
coefficient of the unknown quantity. The residuals then left 
when the definitive value of the unknown quantity is substi- 
tuted will be those from whose discordance the probable error 
may be inferred. 

The partial normal equations thus found from the Right 
Ascensions are as follow: 


1750-’62. 

44 

= - 38 

1830-’40. 

5649 pi = 

- 831 

1765-74. 

1265 

— 165 

1840-49. 

2913 

- 18 

1775-86. 

15 

- 5 

1849-’56. 

2238 

- 49 

1787-’96. 

200 

+ 53 

1857-64. 

4506 

- 129 

1796-’06. 

345 

A 19 

1865-71. 

7736 

- 265 

1806-’ 14. 

439 

+ 135 

1871-’79. 

7062 

- 761 

1814-’19. 

942 

A 2 

1879-86. 

4958 

- 407 

1820-’30. 

1786 

— 330 

1885-’92. 

9561 

-1306 


Sum : 

49 668 pi = 

- 4095 


\ 


pi=- 0.0824 A .010 

The difference between this value of pi , which is obtained 
only to find the probable error, and that formerly found, arises 
principally from the omission of the declination equations. 
The mean error corresponding to weight unity comes out 


ex = A 4".2 



MASS OF MERCURY 


105 


53J 

which, as anticipated, is much larger than that which would 
be giYen by the discordance of the ongmal observations 
This does not mean that the original observations are affected 
by any such mean error as ± 4" 2, but that the discordances 
between the 16 values of pi are as great as we should expect 
them to be if the oiigmal observations weie absolutely free 
from systematic eiror, but affected by purely accidental errors 
of this mean amount 

The results of the solution for the mass of Meicuiy may be 
expressed m the form 


1 ±0 32 
7 210 


000 


and 


1 ±035 
7 943 000 


In all researches which have been made on the motion of 
Encke’s comet by Encke, von Asten, and Backlund, the 
detei munition of this mass Ins been kept m view The 
results are, howevei, so discordant that, as already remarked, 
scarcely any definitive result can be derived from them 
To this statement there is, however, one appaient exception 
In an appendix to his very careful and elaboiate discussion of 
Winnecke’s comet, von Haerdtl has derived the value of 
the mass of Meicuiy from all the return ot Encke’s comet as 
v orked up by von Asten and Backlund * The only inter 
pretation which I can put upon his lesult is this If we regard 
the acceleration of the comet, which it is supposed results 
from all the observations made upon it, as non existent, the 
following two masses of Meicuiy aie demable from the obsei 
vations 


1819-1868, m = 1 - 5 648 600 ± 2000 
1871-1885, m = 1 - 5 669 700 ± 600 000 

He also finds, from the motion of Winneoke’s comet, 

m = 1 - 5 012 842 ± 697 863 


* Denkselmften dei Iv userlichen Akademie der Wissenschaften, Vol 
56, p 172-175 Vienna, 1889 
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and from four equations of Leverrier 

1-5 514 700 ± 100 000 

The consistency of these results seems to me entirely beyond 
what the observations are capable of giving, and I hesitate to 
ascribe great weight to them. Moreover, the result implicitly 
contained in these numbers, that the supposed secular accel- 
eration of the comet disappears when we attribute the pre- 
ceding mass to Mercury, merits farther inquiry. 

The probable density of the planet may form a basis for at 
least a rude estimate of its probable mass. The fact that the 
Earth, Menus, and Mars have densities not very different from 
each other, while that of the Moon is 0.6 the density of the 
Earth, leads us to suppose that Mercury, being nearest to the 
Moon m mass, has probably a slightly greater density. Its 
diameter at distance unity has been repeatedly measured and 
found to be 6 ". G, or, roughly speaking, three-eighths that of the v 
Earth. Were its density 0.7, its mass would therefore be 
about 1 : 9,000,000. In view of the fact that the measured 
diameter is probably somewhat too small, these consider- 
ations lead us to conclude that the mass is probably between 
1:6,000,000 and 1:9.000,000. 

As the value of the mass to bo used in investigating the 
secular variations, 1 have adopted 


v = + 0.08 


Mas, of Mercury = 7 ^, 


Secular variations resulting from theory . 

54. In the Astronomical Papers , Vol. V, Part IV, were com- 
puted the secular variations of the elements of the orbits in 
question using, as the basis of the work, the values of the 
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masses whose reciprocals are found m the column A below 
In column B are cited the masses which I have decided upon 


A B 



Original 
reciprocal 
of mass 

Adpofced 
reciprocal 
of mass 

V 

Mercury, 

7 500 000 

0 944 444 

+ 080 

Venus, 

410 000 

400 750 

+ 0080 

Eaith + Moon, 

427 000 

32S 000 

— 00305 

Mars, 

3 093 500 

3 093 500 

0 

Jupiter, 

1047 88 

1047 35 

+ 00050 

Saturn, 

35016 


0 

Uranus, 

22 756 


0 

Neptune, 

19 540 


0 


In the case of the Earth we have to add the seculai vana 
tion of the penhelion produced by the non sphericity of the 
system Earth + Moon For the principal teun I have found, 

T) t e"dK ,, = + 0 " 129 

The resulting values of the secular variations, expressed as 
functions of r, v v n , v' u , are given in the following section 

Theoretical secular variations joy 1850 
Men ury 
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D t e 
e D, it 
D t 8 


D t e 

eD t 7t\ 

D t i 

Sill i l) t H 


Earth. 

// // // 

= - 8.57 —0.12^ + 1.3 i' x 
= + 19.36 -0.18 + 5.8 
= - 46.65 -0.21 -28.3 


// 

— 1.6v'" 
+ 1.6 
-0.7 


Mars. 

// // // // // 

= + 18.71 + 0.03y+ 0.1 r'+ 2.1r // 

S= + 148.82 +0.06 + 4.6 +21.4 
= - 2.34 -0.04 +12.0 + 0.0 +0.0+" 
= - 72.43 -0.27 -25.1 - 7.4 -1.0 


- 8.57 
+ 10.39 

- 46.89 


+ 18.71 
+ 148.80 

- 2.25 

- 72.63 
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CHAPTEE YI 

EXAMINATION OF THE HYPOTHESES BY WHICH THE 
DEVIATIONS OF THE SECULAR VARIATIONS FROM 
THEIR THEORETICAL VALUES MAY BE EXPLAINED 

55 The investigations ot the piesent chapter aie founded 
on a comparison of the seculai variations deiived purely from 
observations m Chapter IV, with those resulting from the 
values of the masses obtained independently of the secular 
variations m the last chapter For the sake of clearness, 
these two sets of secular variations and their differences are 
collected m the following table The mean enois assigned to 
the theoietical values are those which lesult from the prob 
able mean errors of the respective masses They are there 
fore not to be regaided as independent The mean errors 
given in the column of differences are those which result from 
a combination ot those of the other two columns The errors 
of the obsei\ed quantities must not, however, be ■judged from 
those of the differences, because subsequent changes m the 
masses of Meicury, Venus, and the Earth may produce a 
general diminution m the discordances 

Met cury 

Obseryation Theoiy Difi A yOo 

ff // // // // // // 

D t e + 3 36+0 50 + 4 24+ 01 -0 88+ 50 -0 86 2 

eT> t ?r + 118 24+0 40 +109 70+ 10 +8 48+ 43 0 

D t t + 714+0 80 + 0 76+ 01 + 0 38+ 80 +0 38 1J 

sintD t 0 - 91894=0 45 - 93 504= 16 +0 614= 52 +0 23 2 2 

Venus 

D t e - 9 404=0 20 - 9 074= 24 +0 21+ 31 +012 5 

eD t ;r + 0 29+0 20 + 0 34+ 15 -0 05+ 25 0 

D t i + 387+030 + 3 49+ 14 +0 38+ 33 +0 44 3£ 

sm*D t <9 -105 40+012 -100 00+ 12 +0 60+ 17 +0 52 8 
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Earth . 



Observation 


Theory. Dxff. 

A 

Vu\ 


// // 


// // // // 

// 


D t e - 

8.55 Jr 0.09 

— 

8.57+ .04 +0.02+ .10 +0.02 

10 

eD t 7r + 

10.48 it 0.12 

± 

10.3S+.05 +0.10+ .13 

. 


D t e - 

47.11 ±0.23 

— 

40.89 +.00 —0.22+ .27 

— 0.40 

H 




Mars. 



Dt e + 

10.00 ±0.27 

+ 

18.71+.01 +0 21) +.27 

±0.29 

3.'; 

e D t n +149.55+ 0.35 + 148.80+ .04 +0.75+ .35 

. 

0 

Dt* - 

2.26±0.20 

— 

2.25+ .04 —0.01 + .20 +0.08 

5 

siu i D t 6 — 

72.00 ±0.20 

— 

72.03+ .09 +0.03 +.22 

-0.17 

5 


If we multiply the mean errors given by 0.0745, to reduce 
them to probable errors, we shall see that only four of the 
fifteen differences are less than their probable errors. The 
deviations which call for especial consideration are the follow- 
ing four : 

1. The motion of the perihelion of Mercury. The discord- 
ance m the secular motion of this element is well known. 

2. The motion of the node of Venus. Here the discordance 
is more than five times its probable error. 

3. The perihelion of Mars. Here the discordance is three 
times its probable error. 

4. The eccentricity of Mercury. The discordance is more 
than twice its probable error. It is to be remarked, however, 
that the probable error of this quantity is very largely a 
matter of judgment, and that its value may have been under- 
estimated. 

The deviations, if not due to erroneous masses, may be 
^explained on two hypotheses. One is that propounded by 
Prof. Hall,* that the gravitation of the Sun is not exactly as 
the inverse square, but that the exponent of the distance is a 
fraction greater than 2 by a certain minute constant. This 
hypothesis accounts only for the motions of the perihelia, and 
not for any other discordances. 

The other hypothesis is that of the action of unknown 
masses or arrangements of matter. Since the latter hypothesis 

* Astronomical Journal , Vol. XIV, p. 7 
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'Would account for otlier motions than those of the perihelia, it 
might seem that the existence of the other discordances 
tells very strongly m its favor The hypotheses of possible dis 
tnbutions of unknown matter, tkeiefoie, have first to he con 
sidered * 


Hypothesis of non spheucity of the Sun 

56 In a case wheie oui ignorance is complete, all hypotheses 
which do not \iolatc known facts aie admissible Beginning 
at the centei and passing outward, the first question anses 
whether the action may not he due to a non sphencal distil 
bution of matter witlim the body of the Sun, resulting m an 
excess of its polar o\ er its equatorial moment of inertia The 
theory of the Sun which has in recent times been most genei 
ally accepted is that its interior may be 1 eg aided as gaseous, 
or rather as x form of matter which combines the elasticity 
and mobility of a gas with the density of a liquid Such 
being the case, we may conceive that voitices of which the 
axes coincide with that of rotation may exist m the mtenoi 
m such a way that the surfaces of equal density are non 
spherical A very small inequality of this sort would suffice 
to account for the motion of the perihelion of Meicuiy 

This hypothesis admits of m easy test Wlutevei be the 
nature or amount of the inequality, a simple computation 
shows th it to account for the observed phenomenon it is 
necessary and sufficient that the equipotential sui frees at the 
surface of the Sun should have an ellipticity of lathermore 
than half a second of aic It can not, I conceive, be doubted 
that the visible photosiffiere is an equipotential siuface We 
have then to inquire whethei time is any such ellipticity of 
the photosphere as that icquiied by the hypothesis This 
question seems completely set at rest by the great mass of 
heliometei measuies made by the German observers m con 
nection with the transits of Venus of 1871 and 1882, which 
have been discussed by Dr Auwfrs The general result is 

*Altei cirr>mg out the nrv cstigations ot tins dnptei, I find that the 
subject was studied on similar lines h\ JDi P Har/i r neady three yeais 
ago, and that I made certain suggestions on the subject to Dr Bauscii 
ingeii ten yens igo See Astrononische Nacfoichten, Vol 109, p 32, and 
Yol 127, p 81 
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that the mean of the equatorial measures are slightly less than 
the mean of the polar measures, the difference, however, being- 
within the probable errors of the results. I conclude that 
there can be no such non-symmetncal distribution of matter 
in the interior of the Sun as would produce the observed effect. 

This same conclusion seems to apply to matter immediately 
around the photosphere. An equatorial ring of planetoids, or 
gaseous substances of the required mass, very near the photo- 
sphere, would render the equipotential surfaces of the photo- 
sphere elliptical to a degree which seems precluded by the 
measures in question. At a very short distance from the sur- 
face, however, the effect would be inappreciable. 


■Hypothesis of an intra-mercurial ring or group of planetoids. 

57. Passing outward, we have next to consider the hypothe- 
sis of an intra-mercurial ring adequate to produce the observed 
phenomena. In a first approximation we may suppose the 
ring circular. Its mass can not be determined, because it will 
depend upon the distance^ we have to determine a certain 
function of the mass and distance adequate to produce the 
observed motion of the perihelion. Then we must inquire what 
effect the ring will have on the secular variations of the other 
elements, both of Mercury and of the other planets, and see if 
these effects can be reconciled with observation. In the com- 
putations I have assigned to the excess of motion the pro- 
visional value 40".7. If the ring is not very distant from the 
Sun the motion which it will produce in the perihelion of a 
planet whose mean motion is n and whose mean distance is a 
may be represented in the form 


M being a function of the mass of the ring and of its radius, 
which is nearly the same for all of the planets, so long as the 
radius of the ring is only a small fraction of the distance of 
Mercury. A first approximation to p is— 


3 

p — mr 

4 
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m being the ratio of its mass to that of the Sun and r its radius 
Multiplying these motions m the case of the four planets by 
their eccentricities, we And that the hypothetical ring will 
pioduce the following secular variations 


Mercury, 

jy t 7T = 40 7, eJ) t n 

= 8 3S 

Venus, 

46 

0 031 

Eaith, 

15 

0 025 

Mais, 

0 34 

0 031 


Owing to the smallness of the eccentricities the effect is 
insensible, except m the case of Mercuiy, so that the ring will 
not acc ount for the observed excess of motion of the perihelion 
of Mars 

Such a ring will necessarily pioduce a motion of the plane 
of the 01 bit of Mercuiy oi Venus, oi of both, because it can 
not lie m the plane of both orbits 
Let us put q for its inclination to the ecliptic, and 6 X for the 
longitude of its node on the ecliptic, and let us put, also, 

Pi = ii sm Si 
qi = t, cos 

and let p, p', , q,q', be the corresponding quan 

titles fox the planets The theory ot the seculai variations 
then shows that the ring will produce a motion of the plane of 
the orbit of Mercury given by the equations 

D ti>i = («i - <l) = 40" 7 (i h - q) 

Dt qi = a? “*') = 40 " 7 (1> — J»0 

Expressing the motions of p and q m tenns of the motions ofi 
and 6, which is necessary, owing- to the very different weights 
of the determination of the motion of the planes of Mercury 
and Venus m the dnection of these two cooidiuates, we have 
5090 n aim S 
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the following expressions for these two motions, which 
equate to the observed excesses :* 

// " " 

- 4.96 + 26.9 q x + 28.4p t = + 0.57 ± 0.50 

— 0.27 + 0.8 + 3.0 = 4- 0.63 4 0.12 

0.00 4- 28.4 — 26.9 = + 0.50 4 0.80 

0.00 4- 3.0 — 0.8 = 4- 0.45 ± 0.30 

0.00 0.0 — 1.5 = — 0.25 4 0.25 

Multiplying the conditional equations thus formed by w 
factors as will make the mean error of each equation nes 
4 0".5, we have the following- conditional equations f<» 
and 2 i : 

// 

27 qx 4- 28px = + 5.53 
3 4-12 s= + 3.60 

17 - 16 = 4- 0.30 

5-1 =4- 0.77 

0 - 3 - 0.50 

The solution of these equations gives very nearly 

qi = 4- 0.11; i\ = 9° 

^ = 4-0.12; 6i =48 

This great inclination seems m the highest degree improl i 
if not mechanically impossible, since there would be a t 
ency for the planes of the orbits of a ring of planet 
situated to scatter themselves around a plane some tv 
between that of the orbit of Mercury and that of the itt 1 
able plane of the planetary system, which is nearly the n 
as that of the orbit of Jupiter. Moreover, the motion <*1 
perihelion of Mars is still unaccounted for and that of 
node of Venus only partially accounted for, as shown lit 
large residual of the second equation. In fact, the great i 
nation assigned to the ring- comes from the necessity of r* 
seating as far as possible the latter motion. 

*It will be noticed that in forming those equations I have noith*'* 
the final values of the absolute terms, nor taken account of the fa*- 
the observed motions of tho planes are referred to the ecliptic. <‘l» 
thus produced in the equations are too minute to affect the concilia** 
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Thexe would of course be no dynamical impossibility m the 
hypothesis of a single planet having as great an inclination as 
that lequned But I conceive that a planet of the adequate 
mass could not have lemamed so long undiscoveied Whether 
we legnrd the matter as a planet or a ring, a simple computa 
tion shows that its mass, if at the Sun’s surface, would be 

about that of the Sun itself, and one fouith of this if at a 

distxnce equal to the Sun’s radius We mny conceive, if we 
can not compute, how much light such a m xss of mittei would 
reflect Altogethei, it seems to me that tie hypothesis is 
untenable 

Hypothesis of an extended mass of diffused matter hie that which 
reflects the zodiacal light 

58 The phenomenon of the zodiacal light seems to show 
that oui Sun is sunounded by a lens of diffused matter which 
evtends out to, oi a little beyond, the orbit of the Eaith, the 
density of which diminishes very lapidly as we recede from 
the Sun The question arises whether the total mass of this 
matter may not be sufficient to cause the observed motion 

So fai as the action of that portion of matter which is near 
the Sun is concerned, the conclusions just reached inspecting 
a ring sui rounding the Sun will apply unchanged, because we 
may regard such a mass as made up of lings Observation 
seems to show that the lens m question is not much inclined 
to the ecliptic, and if so it would pioduce a motion of the 
nodes of Venus and Mercury the opposite of that indicated 
by the observations 

There is anothei serious diffu ulty m the way of the hypotli 
esis A dneet motion of the perihelion of a planet maybe 
taken as indicating the fact that the increase of its giavitntion 
toward the Sun as it passes fiom aphelion to perihelion is 
slightly greater than that given by the law ot the inverse 
square This increase would be produced by a ung of matter 
eitliei wholly without or wholly within the orbit But if we 
suppose that the orbit actually lies in the matter composing 
such a ung, the effect is the opposite, gravitation towaid the 
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Sun is relatively diminished as the planet passes from aphelion 
to perihelion, and the motion of the perihelion would be retro- 
grade. 

It can not be supposed that that part of the zodiacal light 
more distant from the Sun than the aphelion of Mercury is 
even as dense as that portion contained between the aphelion 
and the perihelion distances. The result m question must 
therefore be due wholly to that part of the matter which lies 
near to the Sun, and we thus have all the difficulties of the 
intra-mercurial ring theory, with one more added. 

Hypothesis of a ring of planetoids between the orbits of Mercury 

and Venus. 

59. It appears that any ring or zone of matter adequate 
to produce the observed effect must lie between the orbits of 
Mercury and Yenus. Its assignment to this position requires 
a more careful determination of its possible eccentricity. 
There will be six independent elements to be determined; 
the mass, the mean distance, the eccentricity, the perihelion, 
the inclination, and the node. 

I find that the observed excesses of motion of the elements 
of Mercury and Yenus will be approximately represented by 
elements not differing much from the following: 


Total mass of group .... 

i 

Mean distance 

37 000 000 
0.48 

Eccentricity of orbit ....... 

0.04 

Longitude of perihelion 

1(P 

Longitude of node 

350 

Inclination to ecliptic* 

70.5 

Probable diameter at distance unity if 
agglomerated into a single planet . 

3".5 


Considerations on the admissibility of the hypothesis— Possible 
mass of the minor planets . 

60. Although the preceding hypothesis is that which best 
represents the observations of Mercury and Yenus, wc can 
not, in the present condition of knowledge, regard it as more 
than a curiosity. True, it is plausible at first sight. Since, 
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as ilready remarked, any disturbing body of sufficient mass 
to cause tbe observed excess of motion of the perihelion of 
Mercuiy would change the position of the planes of the orbits, 
and since obsei vations give apparent indications of such a 
cli mge m the plane of the oibit of Venus, it might appeal 
that we have here aveiygood ground for the view that all 
the motions aie due to the ntti action of unknown masses 
But the gieat difficulty is that the excess ot motion of the 
orbital planes is m the opposite dueetion from wh it we should 
expect A group of bodies 1 evolving near the plane of the 
ecliptic would produce a retrograde motion of the nodes But 
the observed excess is direct A direct motion can be pro 
duoed only in case the orbits are moie inclined than those of 
the disturbed planet In admitting sinli oibits we encounter 
difficulties which, if not absolutely insurmountable, yet tell 
against the piobibility of the hypothesis 

The hypothesis (ames with it the probable result that the 
excess of motion of the penhelion of Mais is produced by the 
action of the minor planets I have consideied the question 
Of this action m an unpublished investigation Pi om the prob 
able albedo and magnitude of the minor planets and the obser 
vations of Barnard and others on their di unotors, I have 
determined the probable mass ot each p utof the group having 
a given opposition magnitude The result is that the numbei 
of these bodies having such a magnitude appears to progress 
in i turly uniform manner through seveial mignirudcs The 
latw of piogiession may lie anywhere between the limits 2 
and 3 Up to the limit 5 the total mass, it c ontinued on to 
infinity , could not pioduce any ippioi ruble effect oil the motion 
of Mats But if we suppose a larger ratio than 3 to prevail, 
thi n the numbei of planets of smaller magnitude would be so 
numerous as tofoim a zone of light across tbe heavens, as may 
readily be seen by considering that the totil unount of light 
reflected fiom the planets ol each oidci of magnitude would 
foim m increasing senes, snue the 1 itio between thebnllian 
ties of two ob]e< ts of unit difference in magnitude is only 
about 2 5 Wo may tbeiefore suppose tlint the faint band of 
light which is said to be visible across the entire heavens as 
a continuation of the zodiacal light, as well as tbe “gogeu 
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schein,” is due to these minute bodies, and yet find tlieir total 
mass too small to produce any appreciable effect. 

Whether we can assign to the components of such a group 
any magnitude so small that they would be individually invis- 
ible, and a number so small that they would not be seen 
collectively as a band of light brighter than the zodiacal arch, 
and yet having a total mass so large as to produce the observed 
effects, is a very important question which can not be decided 
without exact photometric investigations. It is, however, cer- 
tain that if we could do so we should have to suppose a very 
unlikely discontinuity in the law of progression between each 
magnitude and the number of bodies having that magnitude. 
It must therefore suffice for our present object that we regard 
Tdie hypothesis of such bodies as unsatisfactory. 

Hypothesis that gravitation toward the sun is not exactly as the 
inverse square of the distance. 

61. Prof. Hall’s hypothesis seems to me provisionally not 
inadmissible. It is, that in the exxiression for the gravitation 
between two bodies of masses m and m ( at distance r 

Force 

r n 

the exponent n of r is not exactly 2, but 2 + 6, 3 being a very 
small fraction. This hypothesis seems to me much more 
simple and unobjectionable than those which suppose the 
force to be a more or less complicated! function of the relative 
velocity of the bodies. On this hypothesis the perihelion of 
each planet will have a direct motion found by multiplying its 
mean motion by one-half the excess of the exponent of grav- 
itation. 

Putting 


n = 2.000 000 1574 

the excess of motion of each perihelion of the four inner 
planets would be as follows. It will be seen that the evidence 
in the case of Venus and the Earth is negative, owing to the 



LAW OF GRAVITATION 


119 


01 ] 


very small eccentricities of then orbits, while the obseived 
motion m the case of Mars is very closely represented 


Dt7T i'lhlt 

// // 

Mei < in \ , 41 U 8 70 

Venus, 1(> is Oil 

E u th, 10 JO 0 17 

Mdis, r > 1J 0 51 


An imle])endent test ol this hypothesis m the case of othoi 
bodies is vei\ desnable The only c ase m which there is any 
hope of determining such an excess is that of the Moon, where 
the excess would amount to about 140" per century This is 
very nearly the hundred thousandth put of the total motion 
of the pongee The theoretical motion h is not yet been com 
putcd with quite fins degree ol piaision The only detenm 
mtiion which urns it it is th it mack by Uansi n # He finds 

llieoiy Olmet Dill 

// // n 

Annual mot of perigee, 1 U) 434- 04, 140 W r > 00, +1 56 

Annual mot of node, —(>9 070 70 —(>9 079 02, —2 80 

The observed excess of motion agrees well with the hypoth 
esis, but loses all sustaining force from the disagreement m 
the c iso of the node The ditieienccs Hansen attributes 
(wrongly, I think) to the deviation of the figure of the Moon 
from mechanical sphericity 

Gonmteniy of IlalP s In/potlu s/s uith tin qtnual 'unults of tbs 
law of (f) antatwn 

02 The law of the inverse square is proven to a high degree 
ot approximation through a wide range of distances The c lose 
agreement between the observed paiallax of the Moon and 
that derived from the tone of gravitation on the Kaith’s stir 
face shows that between two distances, one the radius of the 
Earth and the other the distance of the Moon, the deviation 
from the law of the sc piate can be* only a small traction of the 

* Iholuftnui, (U Ihhandhunqm dn 1 lath Plu/s Cltmt dtt hon Smhm 

Bchen GeaeUsehaft dn Wimnachafttn, v i, p 348 
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thousandth part, or, we may say, a quantity of the order of 
magnitude of the five-thousandth part. 

Coming down to smaller distances, we find that the close 
agreement between the density of the Earth as derived from 
the attraction of small masses, at distances of a fraction of a 
meter, with the density which we might priori suppose the 
Earth to have, shows that within a range of distance extend- 
ing from less than one meter to more than six million meters, 
the accumulated deviation from the law can scarcely amount 
to its third part. The coincidence of the disturbing force of 
the Sun upon the Moon with that computed upon the theory 
of gravitation, extends the coincidence from the distance of 
the Moon to that of the Sun, while Kepler’s third law 
extends it to the outer planets of the system. Here, however, 
the result of observations so far made is relatively less pre- 
cise. We may therefore say, with entire confidence, as a 
result of accurate measurement, that the law of the inverse 
square holds true within its five-thousandth part from a dis- 
tance equal to the Earth’s radius to the distance of the Sun, a 
range of twenty-four thousand times; that it holds true within 
a third of its whole amount through the range of six million 
times from one meter to the Earth’s radius; and within a 
small but not yet well-defined quantity from the distance of 
the Sun to that of Uranus, in which the multiplication is 
twentyfold. 

If Hall’s hypothesis contradicted these conclusions it would 
be untenable. But a very simple computation will show that, 
assuming the force to vary as + d being a minute con- 
stant sufficient to account for the motion of the perihelion of 
Mercury, the effect would be entirely inappreciable in the ratio 
of the gravitation of any two bodies at the widest range of 
distance to which observation has yet extended. Although 
the total action of a material point on a spherical surface sur- 
rounding it would converge to zero when the radius became 
infinite, instead of remaining constant, as in the case of the 
inverse square, yet the diminution m the action upon a surface 
no larger than would suffice to include the visible universe 
would be very small. 
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Masses of the planets which represent the secular variations of 
other elements than the perihelia 

63 On Hall’s hypothesis the secnlax variations of all the 
elements othei than the perihelia will remain unchanged 
Our next pioblem is to considei the possibility of xepiesent 
mg the variations of the othei elements by admissible masses 
of the known planets In § 55 I ha\e given a convpanson of 
the secular vanations as they result from obser\ atrons, with 
then theoretical expressions in terms of corrections to a cei 
tain system of masses When the equations thus formed are 
multiplied b\ the factois Vu, which make the mean erroi of 
each equation unity, we have the following system of equa 
tions, m which we put v — 10 r 


0 i 

+ 6 v 1 

+ 2 i " 

+ O ?'" 

= -17 

» = - 18 

0 

- 1 

— 2 

0 

= +05 

+ 0 5 

— 7 

-108 

- 27 

- 1 

= + 05 

+ 11 

—65 

0 

- 24 

- 1 

= + 06 

+ 07 

+25 

0 

0 

- 1 

= + 15 

+ 13 

+21 

-234 

-346 

-10 

= 4 42 

00 

-12 

+ 13 

0 

-16 

= + 02 

+ 01 

- 9 

-123 

0 

- 3 

= -20 

-07 

+ 1 

0 

+ 8 

0 

= +11 

+ 13 

- 2 

+ 60 

0 

0 

= + 04 

-02 

-14 

-126 

- 37 

- 5 

= -08 

-02 


The resulting noimal equations aie 

5766 & — 1563 v ! - 4991 v" + 140 v' n = + 114 

— 1563 + 101231 + 88550 + 3155 = - 670 

- 4991 + 8S556 + 122462 + 3750 = - 1446 

+ 140 + 3455 + 3750 + 401 = - 39 


Along with theiesults of the solution of these equations I 
place, for comparison, the values of Chapter Y, which have 
been considered most probable 


Tiom sec n 

10 X = i = -f 0 070 

7 ' = + 0 0100 + 0056 

v" = - 0 0183 ± 0052 

v"' = - 0 0115 ± 067 


I rom otlaei sources 
+ 0 08 + 0 20 
+ 0 0084 + 0 0028 
- 0 00304 + 0 0015 
+ 0037 ±0 018 
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By substitution in the conditional equations we find for the 
mean error corresponding to weight unity—* 


£[ = rL 1.14 

Informing these equations they were reduced by multipli- 
cation to a supposed mean error of i 1, Speaking in a 
general way we may therefore say that the representation of 
the secular variations, those of the perihelia being ignored, 
by these corrections to the masses is satisfactory. Except for 
the large discordance in the motion of the eccentricity of 
Mercury the mean error would have been less than unity. 

Comparing the two sets of values we find that the masses 
of Mercury, Yenus, and Mars agree well with those derived 
from other sources. Very different is it with the mass of the 
Earth. The discordance is here more than the hundredth 
part of its whole amount, which involves a discordance of 
more than the three-hundredth part in the value of the solar 
parallax. Let us now proceed in the reverse order, and deter- 
mine the value of the solar parallax from the mass of the Earth, 
as derived from the preceding data. 

Preliminary adjustment of the two sets of masses. 

64. We make the best adjustment for this purpose by adding 
to the equations of condition last given the additional ones 
derived from the values of the masses discussed in Chapter V. 
Multiplying eaeh value of v by the factor necessary to reduce 
the mean error of the second member of the equation to unity, 
we have the following conditional equations: 

50 x = + 0.4 
360 v' = + 2.9 
50 v lfl = 0.0 

30 y"» = + 0.42 

Of the last two equations it may be remarked that the first is 
that given by Prof. Hall’s original mass of 1877, while the 
last is derived by Dr. Harshman from Hall’s observations 
of the outer satellite made during the opposition of 1892. 
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When we add to the normal equations already foimed the 
products of these last equations by the factors of the unknown 
quantities, the system of noimal equations is as follows 


8266 a? 

- 1563 v' 

- 4991 v" 

+ 140 y ut 

= +134 

— 1563 

+230831 

+ 88556 

+3455 

= +374 

-4901 

+ 88556 

+ 122462 

+ 3750 

= -1446 

+ 140 

+ 3455 

+ 3750 

+ 3 SOI 

= -26 

The solution ot these equations gives the follow m 

g values of 

the unknown quantities 





x = 

+ 0 0071 ± 

0120 



V = 

+ 0 071 ± 

120 



v' — 

+ 0 0084 + 

0024 



<yf / . — 

- 0 0177 ± 

0035 



" — 

+ 0 0027 ± 

016 



Heie again we note tint, the Earth aside, the ic suits foi the 
masses aie quite satisfactoiy The oonection to Pi of Hall’s 
original mass of Mars is so minute and so much less than its 
probable error that we may consider this value of the mass to 
be confirmed, and may adopt it as definitive without question 
The coirections to the masses of Mercui y and Venus are scarcely 
changed The mean residual is reduced to 

s = ± 0 91 

which is less than the supposed value 
We have, therefore, so fai as these results go, no leason foi 
distrusting the following value of the solai puiallax, winch 
results from that of the mass of the Earth thus derived 

*r = 8"759 ± " 010 

The critical examination and comparison of this and other 
values of the parallax is the work of the next two chapters 



CHAPTER VII. 


VALUES OF THE PRINCIPAL CONSTANTS WHICH DEFINE 
THE MOTIONS OF THE EARTH. 

The Precessional Constant. 

65. The accurate determination of the annual or centennial 
motion of precession is somewhat difficult, owing to its depend- 
ence on several distinct elements, and to the probable system- 
atic errors of the older observations in Right Ascension and 
Decimation. What is wanted is the annual motion of the 
equinox, arising from the combined motions of the equator 
and the ecliptic, relative to directions absolutely fixed in space. 
As observations can not be referred to any line or plane which 
we know to be absolutely fixed, we are obliged to assume that the 
general mean direction of the fixed stars remains unchanged, 
or, in other words, that the stellar system in general has no 
motion of rotation. This is a safe assumption so far as the 
great mass of stars of smaller magnitude is concerned. But it 
is not on such stars that we have the earliest accurate obser- 
vations. Moreover, observed Right Ascensions of these 
fainter stars relative to the brighter ones are subject to possi- 
ble systematic errors, arising from the personal equation being 
different for brighter and fainter stars. In the case of the 
stars Observed by Bradley, there is frequently such commu- 
nity of proper motion among neighboring stars that we can 
not be quite sure that all rotation is eliminated in the general 
mean. Under these circumstances we have only to make the 
best use that we can of existing material. 

We must also remember that observed Right Ascensions are 
not directly referred to the equinox, but to the Sun, of which 
the error of absolute mean Right Ascension must be deter- 
mined. This again can be done only from observed declina- 
tions, since by definition the equinox is the point at which 
the Sun crosses the equator. It is also to be noted that the 
clock stars which are directly compared with the Sun by no 
124 
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means include tlie whole list to be used as absolute points of 
reference W e therefore have three sepai ate steps m determm 
mg completely a correction to the adopted annual precession 

(1) The coireetion to tlie Sun’s absolute mean Right Ascen 
sion oi longitude 

(2) The collection to the general mean Right Ascension of 
the clock stars relative to the Sun 

(3) The detei ruination of the clock stais relative to tlie gieat 
mass of stais 

It goes without saying that the detei ramations ot these tluee 
quantities aie entnely independent of each other, and that the 
precision of the result depends on the precision of each sepa 
rate determination 

The motion of the pole ot the equator, on which the lum 
solar precession depends, may be determined by observed 
Decimations quite independently of the Right Ascensions A 
detei mmation of the piecession from the latter includes the 
planetaiy precession, but as this has to be deteimxned trom 
theory independently of observations, we have, m obseived 
Right Ascensions and Declinations, two independent methods 
of determining the motion of the equator 

It foitunately happens that the constant of precession is 
not so closely connected with other constants that a small 
error m its determination will senously affect our general con 
elusions, or the i eduction of places of the fixed stars, because 
the efiect of an eiror will he nearly eliminated through the 
proper motions ot the fixed stais, or the motions of the planets 
m longitude I have therefore satisfied myself with reviewing 
and combining the four best cleteiimnations 

I pass over m silence the classic detei ruinations of Bessel 
and Otto Struve because the material on which they depend 
has been incorporated in moie recent works Of these the one 
which seems entitled to most weight is that of Ludwig Struve, 
Beshmmung der Constante der Prmcewon , tend der eiqencn 

Bewegu^ig des ^ nnnia way'V to-qo o n.-r\ ^^4-^ i i 

the completion of Auwi 
vations, and of the Puiw 

*MAmoires de L’Acnchhme lm\ 

VII e S6rie Tome saw, No 3 
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1855, and 1865. It depends entirely on the Bradley stars, 
and the result, when reduced to the most probable equinox, 
may be regarded as the best now derivable from those stars, 
or, at least, as not susceptible of any large correction. 

He, of course, includes in his work the determination of the 
motion of the solar system relative to the mass of the stars. 
In addition to this, the possibility of a common rotation of 
the Bradley stars around the axis of the Milky W ay is con- 
sidered. This rotation I should be disposed to regard as zero 
for the present. 

In place of considering each of the 2,509 stars singly, he 
divides the celestial sphere into 120 spherical trapezoids, each 
covering 15 degrees in Declination, and an arc of Bight 
Ascension equal approximately to one hour of a great circle 
at the equator. The question might be legitimately raised 
whether a different system of weighting the trapezoids, founded 
on a consideration and comparison of the proper motions m 
Bight Ascension and Decimation would not have been advis- 
able. I am, however, fairly confident that no change in this 
respect would have materially affected the result. With this 
work of Struve I have combined those of Bolte, Dreyer, 
and Byr^n. 

In the case of the Bight Ascensions it is necessary to reduce 
all the results to the equinox determined m the last chapter. 
From this chapter it appears that the standard Bight Ascen- 
sions with which the reduction of the preceding investigations 
have been made require a correction to the centennial motion 
of +• 0".30. Beducing each determination to the equinox thus 
defined, we have the following results for the general preces- 
sion in Bight Ascension at the epoch 1800: 

L. Struve, from the comparison of 
Auwers-Bradley with the modern 
Pulkowa Bight Ascensions . . . in = 40 // .0r>0l ; w == 4 


Dreyer, from the comparison of 
LaLande’s Bight Ascensions with 

those of Sotiiellerup 46 .0611; 10 — 2 

NyrIsn, by the comparison of Bessel’s 
Bight Ascensions with those of 

Sohjellerup 46 .0456 ; w = 1 

Mean 46 .0526 
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The weights here assigned are of course a matter of judgment 
The general agreement of the lesults is as good as we could 
espect 

From observed decimations we h ive — 


L Struve, from the comparison of 
Auwers Bradley with modem 
Pulkowa catalogues 
Bolte, from the companson ot La 
lande ? s Decimations with those of 
SCHJELLERUP 

Mean 


n = 20" 0495, m = 2 


20 0537, ™ = 1 
20 0500 


We have now to combine these independent results I pio 
pose to call Precessional Constant that function ot the masses 
of the Sun, Earth, and Moon, and of the elements of the oibits 
ot the Earth and Moon, which, being multiplied by half the 
sine of twice the obliquity, will give the annual or centennial 
motion of the pole on a great circle, and being multiplied by 
the cosine of the obliquity will give the lumsolai precession 
at any time It is true that this quantity is not absolutely 
constant, since it will change in the course of time, through 
the diminution of the Euitlds eccentricity This change is, 
however, so slight that it can become appreciable only after 
several centuries If, then, we put 
p, the precessional constant, we have, for the annual general 
precession m Right Ascension and Decimation — 

m = p cos 2 € — k sin L cosec s 
n = p Sill € cos € 


L being the longitude of the instantaneous axis of rotation 
of the ecliptic, and k its annual or centennial motion From 
the definitive obliquity and masses of the planets adopted 
hereafter, we find the following values ot «, L, and *, foi 1800 
and 1850 


1800 

log 7i = 107372, 

L = 173° 2' 31, 
* = 23 27 92, 


1850 

1 (>7341 
173° 29' (>8 
23 27 53 
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We thus find the following values of p, the unit of time 
being 100 solar years: 

// 

From Eight Ascensions, P = 5490.12; w = 2 
From Decimations, p = 5489.44; tv = 1 

Mean, p = 5489 /7 .89 

As the data used in Struve’s investigation may be con- 
sidered of a more certain kind than those used by the others, 
we may compare these results with those which follow from 
Struve’s work alone. They are 

// 

From Eight Ascensions, p = 5489.83 

From Decimations, P = 5489.06 

Giving double weight to the results from the Eight Ascen 
sions, the results may be expressed as follows: 

// 

From Struve’s investigation, p = 5489.57 
From the other two works, p = 5490.18 

Before concluding this investigation, I had adopted as a pre- 
liminary value 

P = 5489"7S 

As this result does not differ from the one I consider most 
probable, SISO^.SO, by more than the probable error of the 
latter, and diverges from it in the direction of the best deter- 
mination, I have decided to adhere to it as the definitive 
value. 

The centennial value of p is subjected to a secular diminu- 
tion of 0".00364 per century, owing to the secular diminution of 
the eccentricity of the Earth’s orbit. We therefore adopt 

// f/ 

p = 5489.78 — 0.00364 T for a tropical century, 
p = 5489.90 — 0.00364 T for a Julian century. 

In the use of p I at first neglected the secular variation, 
but have added its effect to the results developed in powers 
of the time. 
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Constant of nutation denned from observations 

66 The determination of tins constant from observations is 
extremely satisfactory, owing to the completeness with which 
systematic errois may be eliminated It, with a meridian 
instillment, legular observations aiemade thiough a draconitic 
penod, on a umfoim plan, npon stars equally distributed 
through the circle of Eight Ascension, the observations being 
made daily through moie than 12 horns ot Right Ascension, 
all systematic errois m the determination of the nadn point 
and ill having a diurnal oi annual period may be completely 
eliminated fiom the constant m question These conditions 
aie so nearly fulfilled in the observations with the Greenwich 
transit circle, and, to a less extent, in those with the Wash 
m g ton transit circle, that the results of the work with those 
two instruments aloue aie entitled to gieatei weight than has 
hitherto been supposed I have, liouevei, discussed quite 
fully ill previous determinations of which it seemed that the 
piobable mean eiror would be less than ± 0" 10 

Kefemng to the volume on the subject to be hereafter pub 
fished, the results of the discussion are presented in the fol 
lowing table The weights are assigned on the supposition 
that v eight unity should correspond to a mean eiroi of about 
± 0" 07, or to a probable error ot ± 0" 05, this probable value 
being not entirely a matter of computation from the discord 
ance of the separate results, but, to a certain extent, a matter 
of judgment 

It must be understood that the results below are not always 
those given by the authors who aie quoted, but that their dis 
cussion lias, wherevei possible, been subjected to a revision by 
the introduction of modem data, or by what seemed to me 
improved combinations Thus, NyeiSn’s equations have been 
reconstructed on a system slightly different from his, and have 
been corrected for Chandlee’s variation of latitude Petees’s 
classical work has also been corrected by the introduction of 
later data, and by a re solution of his equations The Gieen 
wicli and Washington lesults have been derived from the dis 
cussion in Astronomical Papers, Vol II, Part VI 
5600 N ALM 9 
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Values of the constant of nutation derived from observations . 


Busch, from Bradley’s observations with 

the zenith sector 9.232 1 

Robinson, from Greenwich mural circles . . 9.22 1 

Peters, from Right Ascensions of Polaris . 9.214 4 

Lundahl, from Declinations of Polaris . . 9.23(3 1.5 

Nyr£n, from v Urs. Maj 9.254 3 

u u oDraconis 9.242 2.5 

u u i Draconis 9.240 4 

Be Ball, from Wagner’s Right Ascensions 

of Polaris 9.102 3 

DeBall, from Wagner’s Decimations of 

Polaris 9.213 3 

DeBall, from Wagner’s Right Ascensions 

of 51 Cephei 9.252 3 

DeBall, from Wagner’s Declinations of 

51 Cephei 9.227 3 

DeBall, from Wagner’s Right Ascensions 

of 6 Urs. Min 9.208 3 

DeBall, from Wagner’s Declinations of 

6 Urs. Min 9.203 3 

Greenwich North-Polar Distances of South- 
ern Stars, Series I 9.110 3 

Greenwich North-Polar Distances of South- 
ern Stars, Series II 9.201 3 

Greenwich North-Polar Distances of North- 
ern Stars, Series I 9.204 4 

Greenwich North-Polar Distances of North- 


ern Stars, Series II . 

9.223 

4 

Washin 

gton Transit Circle, southern stars . 

9.217 

C 

u 

u u northern stars . 

9.177 

3 

Greenwich, Right Ascensions of Polaris . . 

9.153 

2 

a 

( Declinations of Polaris .... 

9.242 

2 

u 

Bight Ascensions of 51 Cephei . 

9.135 

2 

a 

Decimations of 51 Cephei . . , 

9.102 

2 

u 

Bight Ascensions of 8 Urs. Min. 

9.147 

2 

u 

Decimations of 8 Urs. Min. . . 

9:235 

2 

u 

Bight Ascensions of X Urs. Mm. 

9.161 

1 

a 

Declinations of X Urs. Min. . . 

9.339 

1 


Mean 


9.210 72 
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The mean error corresponding to weight unity when denved 
from the discordance of the lesults is zL 0" 0<>8, while the 
estimate was iO^OTO We may theiefoie put, <is the lesult 
of obseivation — 

NT = 9" 210 ± 0" 008 

Relations between the constants of precession and natation,, and 
the quantities on uhuh tiny d<p<nd 

07 The foimulcC of piecession and nut it ion ln\( bun 
developed by Oppolzer with veiy great ngoi and with 
great numerical completeness as regaids the elements ot the 
Moon’s orbit, m the first volume of his Bahnbcstimmung dn 
Kometen und Planeten , second edition, Leipzig, 1882 What 
is lemarkable about this woik is that it constant 1\ t ikes 
account of the possible difference between the Bnith’s axis 
of rotation and its axis of hgtue, a distinction wlrnh has 
become emphasized by Ciiandlp u\s dis<o\<iy sm<o Oppol 
zer wiote His theoiy however fails to take account of the 
change in the period of the Eulenan nutation produced by 
the mobility of the ocean and the elasticity of the Earth But 
this effect is of no importance m the piesent disc ussion 

From Oppolzer’s developments, I have (leaved the follow 
mg expressions, in which the numeacal coeflicients may be 
regarded as absolute constants, so accurately determined that 
no question of their errors need now be consideied These 
results have been derived quite independently of the smnlat 
ones by Mr Kiel m the Astronomical * Tow nal , Yol \ 1, wlm h 
are themselves independent of Qppojl,/i,r\s work In these 
formuhe we have — 

N, the constant of lunar nutation of the obliquity of the 
ecliptic, as defined by the equation de = N cos p , and 
expressed in seconds of aic, 

P, so much of the precession of the equinox on t he fixed 
ecliptic of the date, m seconds of ai< <111(1 in a Julian 
yeai, as is due to the action of the Moon, 

P', so much of the same precession as is due to the u< turn 
of tlu Sun 
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We thus have, 

luni-solar precession = P + P 7 


6, the obliquity of the ecliptic; 

yu, the ratio of the mass of the Moon to that of the Earth; 
A, the mean moment of inertia of the Earth relative to axes 
passing through its equator; 

C, the same moment relative to its polar axis. 

With these definitions ve have, 


General value. 


Special value for 1850 . 


H - [5.40289] » r - [5.26542, ^ A 

P = [ 5.975052] cos s — ~] - A = [5.937585] tL A 

1 -j- KJ 1 -p yU 0 


P / = [3.72509] cos £ 


C — A 


= [3.68762] 


on 0 — A 


0 


The special values for 1850 are found by putting for the 
value of the obliquity of the ecliptic for 1850, 

e = 22o 27' 3P\7 


The mass of the Moon from the observed constant of nutation. 

68. From the two quantities given by observation, N and 
P + P 7 =p 0 , these equations enable us to determine the two 

Q A 

unknown quantities yu and — - . As the easiest way of 

O 

showing the uncertainty of the Moon’s mass, arising from 
uncertainty of the precession and nutation, I give the value of 
its reciprocal corresponding to different values of these quan- 
tities in the following table: 

Reciprocals of the mass of the Moon corresponding to different 
' * tdlues of the nutation-constant and Umi-solar precession. 


fto 

N = 9 // .2 o 

N = 9 // 2i 

N = 9" 22 

// 

50 35 
5 ° 36 
50.37 

81 81 
81.86 
81 91 

Si 53 
81 58 

81. 63 

81 25 
81 30 

81 35 
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Taking for the constant of nutation the value iust found, 

IT = 9" 210 ± " 068 
and for the lum solai precession, 

2h = 50" 36 ± " 006 

we have, for the reciprocal of the mass of the Moon and its 
mean eiror 

- = 81 58 ± 0 20 

M 

The Constant of Aberration 

69 In the determination of astronomical constants themves 
tigation of the constant of abeiiation necessanly takes i \eiy 
import mt place, not only on its own account but on ac count of 
its intimate connection with the solai pai allax A g< noi al 
determination, founded on ill the data avail ibk, w,is theiclore 
commenced by me as far back as 1890, before the fact of the 
valuation of teirestnal latitudes had been well established 
The successive discoveries of the law of this variation by 
Chandler required such alterations in the work as it went 
along that much of it is now of too little value foi publication 
m full Happily the necessity for a new discussion of the best 
determinations at Pulkowa has been done away with by the 
papers of Chandler himself m the Astronomical Journal 
Quite apart from the disturbing influence of the i evolution 
of the terrestrial pole upon the determination of the constant 
of aberration, this constant is itself the one of which the deter 
ruination is most likely to be affected by systematic errors 
In this lespect it is at the opposite extreme from the constant 
of nutation From the very nature of the case it requires a 
comparison of observations at opposite seasons of the >eai, 
when climatic conditions aie different In most cases the 
determination must even be made at diffeient times of day 
The effect of abeiiation on a star, foi example, is generally at 
one extieme when the stai culminates m the morning, and at 
the other extieme when it culminates m the evening The 
culminations at opposite seasons of the yeai aie necessanly 
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associated with culminations at opposite times of the day. 
Moreover, in observations to determine the constant of aber- 
ration from Decimation, the stars which give the largest coeffi- 
cients are, for the northern hemisphere, those near 18 h of Right 
Ascension. Any error peculiar to the times or seasons at 
which these stars are observed will therefore affect the result 
systematically. 

Right Ascensions of close polar stars also lead to a value of 
this constant. But the same difficulty still exists. Tn this 
case the maxima and minima of aberration occur when the 
star culminates at noon and midnight. Not only is the aspect 
of the star different at the two culminations, but the effect of 
any diurnal change in the instrument will be transferred to the 
final result for the aberration. 

The prismatic method of Loewy is free from some of these 
objections. But its application is extremely laborious, and we 
have, up to the present time, only two determinations by it, 
one by Loewy himself, which is only regarded as preliminary, 
and one by Comstock, in which a large uncertain correction 
for personal equation was applied. 

Under these circumstances the seeking of results derived by 
methods of the greatest possible diversity is yet more strongly 
recommended than in the case of the other astronomical con- 
stants. I have therefore used not only the Pulkowa deter- 
minations, but all those made elsewhere which it seemed worth 
while to consider. Notwithstanding the great amount of mate- 
rial added to NyriSn’s paper of 1883, it will he seen that the 
Of the final result at which I have arrived is 
greater than that which he assigns to his result. This is a 
natural consequence of combining so many separate determi- 
nations. The advantage is, however, that the assigned prob- 
hW^’^^or is more likely to be the real one. It is not to b© 
of the systematic errors already indicated 
would pefti^do 4ilb observers and to all instruments. The 
final outcome should be a result in which the discordances of 
the separate determinations show the probable values of all 
the actual errors, both accidental and systematic. 

Determinations founded on the Right Ascensions of circum- 
polar stars are mot, affected by the motion of the terrestrial 
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axis, nor axe those founded on decimations o t these stais, if 
only the decimations aie observed equally at both minima 
tions But deteimmations founded on declmitions ol stats 
fioni uppei culmination only aie necessarily affected by this 
cause If liowe\ei the stais on which the detemunation is 
bised extend thiough the whole cucle of Bight As< elision the 
effect of the cause m question mu he wholly eliminated by a 
suitable tieatmcnt ol the cquxtions of < ondition Topi utn illv 
eliminate the ni]iuious effe< t if is not even m ( ess uy io dc tc 1 
mine the exact law ot vuiation In hut, ll th< stais obseivid 
ate equally scatteiedm Bight Asc ension, thecffect of the van a 
tion will be partially eliminated without taking account ol it 

Chandler has shown that there are two periodic turns m 
the variation of latitude, one having a period ol one ye n, the 
other of foui handled uid twenty sewen d<iys I may temaik 
thattlus combination is m accoid with my theoiy dove loped m 
the Monthly Xofues of the Royal 1 s h onomual JS kx utif toi \1 u< h, 
lisOJ Itwas theie shown that any minute annual change of 
the position ot the principal axis of inertia of the Earth — a 
change which might be produced by the motion of water, ice y 
and air on its surface — would appear as an annual term in the 
latitude, si\ times as great as its actual amount 

Values oj- the constant of aberration derived from observations* 

70 What I have done since this discovery by CHANDLER 
his been to ic examine the deteimmations of the constant of 
aberration made from time to time, to make such collections 
m their bases as seemed necessary, md mmc especially to 
determine the coirection to be applied to each separate result 
on recount of the penodu term m the latitude No attempt 
was made to rework completely the original material, except 
m the case of the results of the Pulkowa and Washington 
observations with the prime vertical transit In the case of 
the former, however, the preliminary i esults i eac hod ftom time 
to time were so accordant with those ol Chandler that it is 
a mattei ot mdifieienie whethei w r e legarcl them as belonging 
to his work oi to my own 

Owing to the very different estimates placed by the astio 
nomical world upon the Pulkowa determinations and those 
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made elsewhere, I have used the former quite apart from the 
others. The complete discussion of each separate value is 
too voluminous for the present publication, and is therefore 
reserved for a more extended future publication. At pres- 
ent it appears sufficient to judge the final result by the general 
discordance of the material on which it rests, rather than by 
a separate criticism of each particular case. 

In the exhibit of results which follows it is to be remarked 
that HyrEn’s prune vertical observations do not receive a 
weight as great, relative to the other Pulkowa determinations, 
as would be given by their assigned probable errors. The 
reason of this course is that one can not be entirely confident 
that the results of any one observer with this instrument are 
free from constant error arising from differences of personal 
equation in observing a bright and a faint star. Many of the 
Pulkowa observations are necessarily made in the morning or 
evening twilight. In the case of an evening observation the 
star will therefore be much fainter on account of daylight 
when it transits over the east vertical than it will when it 
transits over the west vertical one or two hours later. In the 
case of morning observations the reverse will be true. It is 
easy to see that if, in consequence of this difference of aspect, 
the observer notes the passage of the faint image too late, the 
effect will be to make the constant of aberration too large. 
The existence of this form of personal equation, when transits, 
are recorded on the chronograph, is so well known that, had 
NyrEn’s observations been made in this way, I should not 
have hesitated to ascribe the large values of his aberration 
constant to this cause. Although it has never been shown 
that any such personal equation exists when observations are 
made by eye and ear, as NyrEn’s were, yet when we consider 
f&at w$ are dealing with quantities amounting only to one or 
two hundredths of a second of arc, and that a personal equa- 
tion of this kind, un discoverable by ordinary investigation, 
might affect the result by this minute amount, we can not but 
have at least a suspicion that his values may he slightly too 
large from this cause. 
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Separate results for the constant of aberration 
A Standard Pulkowa determinations 

Al) wt 

Observations with Yeitical Glide, Polaris, by „ 
Peters 20 51 2 

Obseivitions with Yeiticil Oncle, 7 miscellaneous 

stais, by Peters 20 47 2 

Obseivations with Yeitical Oncle, 1863-1870, Po 
Ians, by G-ylden 20 41 2 

Obseivations with Yeitical Oncle, 1871-1875, Po 
laris, by Nyren 20 51 2 

Observations with Prime Yerfcicil, 1842-1844, by 
Struve 20 48 4 

Observations with Prime Yeitical, 1879-1880 by 
NyriIn 20 52 G 

Observations with Pnnie Yertical, 1875-1879, by 
Nyren 20 53 1 

Obseivations with Yeitical Circle, 1803-1873, 

Gylden and UYBJfN 20 52 2 

Wagner Transits of three polar stars 20 48 5 

From Bight Ascensions of Polaris, 1842-1844, by 
Lindhagfn and Sciiweizer 20 50 2 

Mean result 20" 493 A 0" 011 

This lesult may be regarded as identical with that found by 
Nyren in 1882 


B Other determinations 

AuWERS, fiom observations with the 
zenith sector at Kew 
Aitwers, fromWANSTED observations 
Peters, from Bradley’s observations 
of y Bracoms at Greenwich with zenith 
sector, 1750-1754 

Bessel, fiom Bight Ascensions observed 
by Bradley at Greenwich 
Linden au, fiom Bight Ascensions of 
Polans obseived at various obseiva 
tones between 1750 and 181G 


lb 

u 

20 53 
20 46 


20 67 
20 71 


20 45 


A 12 
A 12 

A 071 

A 05 


wt 

05 

05 

05 

05 

3 
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Separate remits for the constant of aberration — Continued. 

B. Other determinations — Continued. 


Brinkley, from observations of thirteen dfe t wt 
stars at Trinity College, Dublin, with n 

the 8-foot circle 20. Mi ±.10 l 

Peters, from Struve’s Dorpat observa- 
tions of six pairs of circumpolar stars . 20.30 ± .07 2 

Richardson, from observations with the 

Greenwich mural circles 20.50 ±.00 3 

Peters, from Right Ascensions of Polaris 

at Dorpat 20.41 0 

Lijndahl, from Declinations of Polaris 

at Dorpat 20.55 5 

Henderson and MoLear, from <± and 

a % Contauri 20.52 ±.10 1 

Main, from observations with the Green- 
wich zenith tube 20.20 ± .10 1 

DoWNTNGI-, from observations of X Dra- 

conis with reflex zenith tube .... 20.52 ±.05 4 

Newcomu, from observations of a Lyric 
with the Washington prime vertical 

transit, 1802-1807 20.40 ±0.4 0 

Newcomb, from Right Ascensions of 
Polaris observed with the Washington 

transit circle, 1800-1807 20.55 ±.05 3 

KttSTNER, from observations of pairs of 
stars by the Talgott method . . . 20.40 4 

Preston, from observations with the 
Talgott method at Honolulu, 1891- 

1892 20.43 ±.05 4 

JboSWY, from his prismatic method . . 20.45 ±.04 5 

Oomstooic, using Loewy’s method, 

slightly modified : 20.44 3 

Kustner, from Marcuses observations, 

1889-1890 20.49 ±.018 4 

WANACH, from Pulkowa prime vertical 
observations 20.40 ±.015 4 
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Separate results for the constant oj aberration — Oontmued 


B Other determinations — Oontmued 

From Gieemuoh Kiglit Ascensions of polar stars 
tv 1 tli the ti insit < ntlc 

BE(Uvrn ? liorn ohseix itions at Stiasburg bv tin 
Tvrcoii method, 1S00-1S03 
Dvyidson, hom similar obsciv itions d Sin 
Francisco, 1S92-WH 


i b wt 

// 

JO 50 5 

JO 57 (> 

JO IS <> 


Mean n suit ol 15 1 1) (oust = JO" 40 5 _t 0" 01 5 


The two results V and B, diftu by 0" 0 50, a quantity so 
much gieatei than then mean uiois as to leave loom loi i 
suspicion of < onstant enm m ont oi bofh means 


flu Lunin I)i<<ii(«hl)/ ni lh< K«t tit s motion 

71, The somco of tins inequality is the involution of the 
centei of the Earth around the centei of mass of the Eaith 
and Moon The former < enter describes an orbit which is 
similar to that of the Moon around the Earth Sirue this 
orbit is not a Ivepletian oi lipse, but is iflec ted by all the pci 
turhations of the Moon by the Sun, no such element as a semi 
ma]oi axis can be assigned to it Instead of this I take as the 
print ipal element of the mbit the coefficient of the sine of the 
Moon’s mean elongation ho in the sail in the expression for the 
Sun’s true longitude This element is a function <>1 the solar 
parallax and of the mass of the Moon, whit h may be derived 
from the following expression Lot us put 

H, the ratio of the mass of the Moon to that ol the 
Earth, 

r, X, /3, the radius veetoi, true longitude and latitude ot 
the Moon , 

A', /if' , the same cooi dinates ol the Sun, 

s, the linear distance ot the Eai til’s center from the 
centei of m iss of the Eaith and Moon 
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We then, have, for the perturbations of the Sun’s geoeeut* * 
place due to the cause in question : 


A log t‘ = — , cos 6 cos (A— A.') 
AX' = cos 13 sin (A— A') 

Afi' = p sin ft 


and 

s _ Ji_ »■ 

»•' 1+ /< r' 

I have developed these expressions, putting 

ttq = 8".848 



and taking for the Moon’s coordinates the values found * ».v 
Delaunay. Puttin g 

D; tlie mean value of A .— V 

(h 9' 7 the mean anomalies of the Moon and Sun ? respect iv ** 1 > * 
u'- tlie Sun’s mean elongation from tlie Moon’s ascend i»»tf 
node; 

the result for AV is 

// 

' zJA' = 6.533 sin D 

+ 0.013 sin 3 D 
+ 0.179 sin (D + 9) 

— 0.429 siu (D — g) 

+ 0.174 sin (D — g 1 ) 

-0.064 sm (I) + g') 

+ 0.039 sin (3 1) — g) 

— 0.014 sin (D — g — g') 

— 0.013 sin 2 u' 

This value of the lunar inequality is substantially idea* i**al 
with that computed from the tables and formula*, of Lkvkk. 
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bier’s solar tables The development of the numbers theie 
given lead to the value 6" 534 of the principal coefficient 
We have now to find what value of the coefficient is given 
by obseivations The observations I make use of are (1) all 
the observations of the Sun’s Bight Ascension from early m 
the century till 1864, (2) The heliometei obseivations of Vic 
toiia made m 1880 on Gill’s plan and woiked up by him 
I had intended to use all the obseivations of the Sun up 
to the present time I found howevei that those made aftei 
18(>4 gave, by companson with the published epliemerides, 
inadmissible positive coneetions to the coefficient This cir 
cumstance gives rise to a strong suspicion that in the process 
of interpolating the Right Ascensions of the Sun during at 
least some years aftei 1864, the inequality in question was 
lounded off to the amount of seceial hundiedths of a second 
The lesults weie therefoie entnely omitted 
The results foi pievious yeais, when the inequality was 
computed separately foi eveiy day of obsei nation, aie 




A P 

tot 

Gieenwich, 

1820-64, 

// 

- 068 

30 

Pans, 

1801-04, 

- 050 

08 

Komgsbuig, 

1820- 45 , 

- 054 

12 

Cambridge, 

1828-’5<S , 

- 047 

20 

Doipat, 

1823-’3S, 

+ 160 

03 

Pulkow a, 

1842-’G4, 

- 058 

(f 5 

Washington, 

L846-04 

000 

02 


Me uq A P = — 0" 048 + 0" 018 


Gtll’h lesult is given m the Monthly Notices , Royal Astro 
nomad NoaeUf, foi Apnl, 1894 (Vol LIV, page 350) It is 
denved in the following way In the solar eph emeus whu h 
he used loi (ompanson the lunar inequalities were computed 
rigoi ously from the ( ooidmates of the Moon, putting 

Tt = S 7/ 880 

/c = 1 — 8 J 

To the coefficient P thus arising ho found a correction, 

JP = + 0" 040 
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The above values of n and n give, on the theory just devel- 
oped, 

P = (>".400 

Thus Gill’s result is, in effect, 

P = G".44G 

while mine, from observations of the Sun, is 
G".533 — 0" 048 = G".4S5 

I consider that these results are entitled to equal weight, and 
that we may take, as the result of observation, 

P = fi".4G5 ± () // .015 

Solar parallax from the lunar inequality . 

' 72. With the mass of the Moon already found from the 
observed constant of nutation, 

M = 1 : 81.58 (1 ± .0025) 

we may now derive a value of the solar parallax quite inde 
pendent of all other values. The relation between P, tt, and 
the mass of the Moon is of the general form 

/«' P = k rr 

where h is a numerical constant, and, for brevity, 

U> = 1+ i * = 1 + 1 

0 

We have found that the following values correspond to one 
theory : 

n = 8".848; /V =82; P = 0".533 
Hence follows 

log It = 1.78207 

so that we have 

H> P = [1.782071 tt 

The numerical values P = 6". 465 and + = 82.58 now give 
n = 8".818 ± 0".030 
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Values of the sola? parallax derived from measurements of Venus 
on the face of the Sun during the transits of 1874 and 1882 , 
with the hehometer and photohehoqrapli 

73 I put these detei ruinations into one class because they 
rest essentially on the same punciple Both consist, m effect, 
m measuies of the distance between the centei of Venus and 
the center of the Sun, the lattei being defined through the 
visible limb The method is theiefoie subject to this senous 
drawback that the parallax depends upon the measui ed differ 
ence between arcs which may be from thirty to fifty times as 
great as the parallax itself, the measui.es being made m 
different parts of the earth 

The equations of condition given by the American photo 
giaphs of 1874 aie found m Part I of Observations of the 
Tiansit of Venus, December 9, 1874, Washington, Government 
Printing Office, 1880 A preliminary solution of these equa 
tions, the only one, however, to which they have yet been sub 
jected, was published by D P Todd, m the American Journal 
of Science for June, 1881 (Vol XXT, page 490 ) 

The photographs of 1882 have been completely worked up by 
Professor Haricness, and the results are found m the Report 
of the Superintendent of the Xaval Observatory foi 1889 The 
equations derived from the German heliometer measures, with 
a preliminary discussion of then results, are officially published 
by Dr Aijwers, m the Bencht uber die deutschen Beobachtungen , 
V, p 710 

The separate lesults for the paiallax, with the probable 
errors assigned by the investigators, are as follows 

J , IV to' 

1874 Photographic distances, n = 8 888 A 0 040 6 1 

Position angles, 8 873 A 0 060 3 3 

Measures with heliometer, 8 876 A 0 042 5 5 

1882 Photographic distances, 8 847 A 0 012 64 6 

Position angles, 8 772 A 0 050 4 4 

Measures with heliometer, 8 879 A 0 025 1G 10 

Under w is given a system of weights propoitionally deter 
mined from the probable eirors as assigned Using this sys 
tem, the mean result is — 

7t =8" 854 A " 016 



144 PARALLAX PROM TRANSITS OF VENUS. [73 

I conceive, however, that these relative weights do not cor- 
respond to the actual precision of the measures. The very 
small probable error assigned by Prof. Harkness to the result 
of the photographic distances of 1882 does not include the 
probable error of the angular value of the unit of distance on 
the plate, which may arise from a number of sources, includ- 
ing the possible deviation of the mirror of the instrument 
from a perfect plane. From this error the position angles 
are entirely free. I have, therefore, assigned another set of 
weights, v)', which seem to me to correspond more nearly to 
the facts. The result of this system is — 

= S".857 A ".016 

This mean error is derived from the individual discordances, 
and not from comparisons with the values of the parallax 
otherwise determined. As there may be a fortuitous agree- 
ment among the separate values, another estimate may be 
made on the basis of the total mean error derived by Auwers, 
which includes all known sources of error. He finds s = ± ".032 
for the combined heliometer results, to which I have assigned 
weight 15. Hence, for the total weight 29, we have — 

s = ± 0".023 

The deviation of the above result from the mean of all the 
other good ones is worthy of special attention. The deviation 
is more than three times its mean error, and therefore between 
four and five times its probable error. We must therefore 
accept one Of two conclusions, either the probable errors have 
been considerably underestimated, or the method is affected 
with some undiscoverable source of systematic error, which 
makes it tend to give too large a result. The close accordance 
of the six separate results, of which only a single one deviates 
from the adopted mean by more than its probable error, and 
that by only a little more, would give color to the view that 
the error is a systematic one, and that through some unknown 
cause Venus is always measured too low relatively from the 
center of the Sun. I can not, however, think of any such cause. 

If we determine the mean error from the deviations of the 
separate results from what we know, in other ways, to be 
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nearly the most probable value of the parallax, namely 8" 80, 
we have — 

// 

Mean errror to weight 1 , ± 148 
Mean erroi of result ~t 029 

Solm parallax from obseived contacts during transits of Venus * 

74 The contact observations of 1761 and 1769 arc discussed 
m Astronomical Papers , Vol III L have also nude a torn 
plete discussion of those ol 1874 and 1882, winch, at the (Life 
of writing, is unpublished The separate results from each 
contact follow 

In the case of the second contacts of 1874 and 1882 it was 
found necessary to divide the observations into two classes* 
those of mean or true contact, and those of the formation of 
the thread of light In the case of the third contact no such 
division was necessaiy, as the observations could generally 
be icfenedto the same mean phase The mean eiror which 
follows each result is derived from the discordance of the 
sepai ate observations 

Values of the solar parallax from observed contacts of the hmb 
of VenuH with that of the Sun 


1761, 

III, 

7t = 878 -t 

// 

12, 

W = 8 


IV, 

8 75 ± 

20 

3 

1769, 

r, 

904 ± 

17 

4 


ii, 

8 55 ± 

13 

7 


hi, 

8 72 l 

09 

14 


IV, 

9 01 | 

12 

8 

1874, 

r, 

8 <r> a 

24 

2 

11 

, M, 

8 78 ± 

061 

30 

II 

, L, 

8 75 ± 

10 

11 


III, 

8 76 i 

045 

57 


IV, 

8 74± 

09 

14 

1882, 

C 

8 03 I 

15 

5 

II 

,M, 

8 76 L 

012 

04 

II 

, L , 

8 72 1 

072 

22 


III, 

8 88 ± 

042 

64 


IV, 

9 07 ± 

12 

8 


5690 w ALM 10 
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i The weights assigned are determined by these mean errors, 
taken on such a scale that unity is the weight for mean error 
± ".336. The mean result of the whole series is 

n = 8". 797 ± ".023 

This mean error is that resulting from the deviations of the 
sixteen separate results from the general mean, which give for 
the mean error corresponding to weight unity, 

± " .42. 

The excess of this mean error over that determined from the 
equations themselves shows that the general discordance of the 
several contacts is somewhat greater than would he inferred 
from the individual discordances of the contacts inter se. This 
is what we should expect from constant errors in the determi- 
nations of parallax from each separate contact. I conceive, 
however, that such constant errors are not likely to he large; 
and we can not conceive that contact observations in general 
are subject to any constant error tending to make the parallax 
derived from them always too great or too small. I conclude, 
therefore, that the mean error determined from the totality of 
the results may he regarded as real. 

It will he interesting to compare the separate results of 

internal and external contacts. They are 

// // 

From internal contacts ; n — 8.776 ± .023 
From external contacts; n = 8.908 ± .06 

These mean errors are those derived from the concluded 
results and they show that the external contacts are relatively 
more discordant in proportion to the weights assigned than are 
the internal ones. If we consider this discordance to indicate 
'Vfktger mean error, and therefore assign a proportionally 
smaller weight to the results of external contact, we have, for 
the concluded result, 

= 8". 791 ± ".022 

As these two hypotheses seem about equally probable, I shall 
adopt the mean result, 

7t = 8".794 
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Solm parallax from the observed constant of aberration and 
measured velocity of light 

75 The question of the soundness of the proposition that 
the ibeuation is equal to the quotient of the velocity of the 
Kaitli m its orbit by the velocity of light is too broad a one to 
be discussed lieu I < an only lom irk that its simplicity and 
its general auoid with all optical phenomena are such that it 
seems to me it should be iccepted, in the absence of < vidence 
against it 

In Ash onomiutl Pnptrs, Yol II, page 202, l have given the 
following (letei urinations of the velocity of light in vacuo by 
Michelson and myself, expressed m kilometers per second 


Miohllson at Naval Academy m 1870 290910 

Mi cur lson at Cleveland, 1882 299853 

Niwcomb at Washington, 1882, using onl\ results 
supposed to be neatly liee bom constant enois 299890 

Newcomb, including all determinations , 299810 


I have concluded, 

Velocity of light in vacuo, = 299800 I 30 k in 

Taking as the equatorial radius of the Eaith 0378 2 k m 
(Clark), the following table shows the values of the constant 
of aberration corresponding to admissible values of the solar 
pamllax when this determination of the velocity of light is 
accepted 


// 


// 


Ah = 20 4(> 

nr = 8 8076 

20 47 

8 8033 

20 48 

8 7900 

20 40 

8 70 to 

20 50 

8 7003 

20 51 

3 7850 

20 52 

8 781(> 

20 r» i 

K 7773 

20 5 1 

S 77 (0 
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We thus have for the values of the solar parallax resulting 
. from the two values of the constant of aberration already 
derived : 

// // 

From Pulkowa determinations ; Ab. = 20.403; it = 8.793 

From miscellaneous determinations ; Ab. = 20.4G3 ; n — 8.806 

Solar parallax from, the parallactic inequality of the Moon. 

76. I have derived a value of the parallactic inequality of the 
Moon from the meridian observations made at Greenwich and 
Washington since 1862. The determination of this inequality 
is peculiarly liable to systematic error, owing to the fact that 
observations have to be made on one limb of the Moon when 
the inequality is positive, and on the other limb when it is 
negative. Hence, if we determine the inequality by the com- 
parison of its extreme observed effects on the Moon’s longitude 
or Eight Ascension, any error in the adopted semidiameter of 
the Moon will affect the result by its full amount. 

It does not seem practicable to make a reliable determina- 
tion of the Moon’s diameter, because it will necessarily be 
made near the time of full Moon, when the illumination of the 
extreme limb is less intense than near, the quadratures, and 
when some portions of the limb that might be visible if it were 
illuminated by a perpendicular Sun will be thrown into shadow 
by the horizontal one. For these reasons it may be expected 
thattbe parallactic inequality determined by using observed 
semidiameters of the Moon will be too large. I have therefore 
adopted the plan of determining the inequality from each limb 
separately. To show in regular progression the errors depend- 
ing, on the elongation from the Sun, I have classified the resid- 
tialS-of observations according to the hour of mean time at which 
the feoff passed the meridian; and formed equations of con- 
dition containing two unknown quantities, the one a constant 
correction depending on? the semidiameter, personal equation, 
etc., and the other the parallactic inequality. The question is 
further complicated by the fact ‘that the majority of observa- 
tions near are quadratures made during daylight, when it is 
to be expected that the illumination of the atmosphere will 
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dimmish the irradiation, and thus lead to a smaller apparent 
semidumetcr I have therefore sought to determine for the 
two obsei\ atones, by a comparison of the observations, the 
correction to be applied m order to reduce observations made 
during daylight or twilight to what they would have been had 
the skt not been illuminated The reduction was smaller than 
I had expected, and somewhat doubtful, I have assigned pro 
poi lion ally less weight to those obsciv itions vlieio it was 
liooessuiy The following arc the equations of condition thus 
fanned The unknown quantities me — 

x, a constant, depending on the semidiameter, personal 

equation, etc., 

y, the correction to the parallactic inequality of the Moon 

aftei reduction to the value 8" 848 of the solai parallax 


(J I! MIAN Wit 'll 
Limb I 


ft 


n 


46, 

so + 0 93 y 

«■ -*-0 53, 

wt 0 2 

56 

0 99 

-0 72 

0f> 

0 5 

0 09 

-0 11 

1 

75 

0 02 

- 0 59 

1 

8 5 

0 79 

— 0 54 

1 

9 5 

0 61 

— 0 13 

1 

10 5 

0 38 

- 0 09 

1 

115 

013 

- 0 09 

1 


lamb II 


13 5, 

a s'— 0.13 y 

= + 

// 

0 20, 

wt 1 

13,5 

— • 0 38 

+ 

010 

1 

145 

- 0 61 

+ 

0 28 

1 

15 5 

- 0 79 

+ 

0 54 

1 

16 5 

— 0 02 

— 

0 11 

I 

17 5 

0 00 

— 

0 02 

1 

18 1 

- 0 00 

+ 

0 11 

0 5 

It) t 

— 0 91 

+ 

1 21 

0 2 
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Limb I. 


h 

4.6; 

x + 0.93 y 

// 

= - 1.62; 

tot. = 0.2 

5.0 

0.99 

- 1.26 

0.4 

0.5 

0.99 

- 0.85 

1 

7.5 

0.92 

- 0.04 

1 

8.5 

0.79 

— 0.71 

1 

9.5 

0.61 

- 0.71 

1 

10.5 

0.38 

- 0.48 

1 

11,5 

0.13 

- 0.23 

1 


Limb II. 
// 


12.5; 

x l — 0.13 y 

= +0.41; 

tot = 1 

13.5 

— 0.38 

0.43 

1 

14.5 

— 0.61 

0.52 

1 

15.5 

- 0.79 

0.40 

1 

16.5 

•- — 0.92 

0.72 

1 

17.5 

- 0.99 

0.96 

0.5 

18.4 

- 0.99 

1.32 

0.3 

19.4 

- 0.93 

1.50 

0.1 


With those equations we have our choice to determine the 
parallactic inequality by assigning a value to the semidiameter, 
or to eliminate the semidiameter from the normal equations. 
X% each pase the equations give the following expressions for y: 

1 // // 

Greenwich : Limb t\ y — — 0.55 — 1.23 x 
“ “ II; -0.28+ 1.23 

f 1 i Washington : Limb I ; y = — 0.99 — 1 .23 x 
\ < ' ^ 4 , << “ II; - 0.88 + 1.29 x' 

Vl /rl * ,■ - 

If we choose to utilize the observed diameters we have the fol- 
lowing results: > i ’ , 

From 06 transits of theMoords diameter observed at Greenwich ; 
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From 33 transits observed at Washington 
i - x* « - 1" 12 
We should thus have, 

// 

From Gieenwich obseivations, y = — 0 02 
From Washington obseivations, y — — 0 23 

If, on the other hand, we eliminate i hom each pan of 
noimal equations, the final results foi y will be 

// // // (0 f 

Gieenwich Limb I, 0 64 y = — 0 45, y = — 0 70 ± 0 16 6 

“ “ II, 0 64?/ = 0 00,2/= 0 00 ± 0 36 2 

Washington Limb I, 0 64?/ = — 0 52 , ?/ = — 0 81 ± 0 16 6 

“ “ II, 0 53?/ = — 0 32, y = — 060 ±027 3 

The weighted mean of these results is 

y = - 0" 64 -1 0" 12 

The resulting value of the solai parallax is 
n = 8 " 802 0" 008 

A veiy careful determination of the solar parallax was made 
from the same theory by Dr Batterman, by means of occulta 
tions, and the result is discussed very fully m the publica 
tions of the Berlin Observatory Dr Batterman ? s definitive 
result is 

7t = 8" 704 ± " 016 

I have slightly revised this lesult, by applying a conection 
to the coefficient for the parallax adopted by Dr Batterman, 
with the result 

n = 8" 789 ± " 016 

Accepting this result, and combining it with that aheady 
found from meridian observations, the parallax from this 
method will finally come out 

it = 8" 700 A " 007 

This mean error may be regarded as belonging to the doubt fill 
class 
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While this ■work is passing through the press there appears 
an important paper by Franz of Konigsberg,* giving the value 
of the parallactic equation derived from observations on the 
lunar crater Mosting A. The correction to Hansen’s coeffi- 
cient is found to be 

- 2".10 ± 0". 30 

The corresponding result for the solar parallax is 
8".767 ± 0 // .021 

We may combine the three results for the solar parallax 
thus: 

Greenwich and Washington meridian obser- „ 


vations = 8.802; w = 6 

Battermann from occultations 8.789; 2 

Franz from crater Mosting A 8.767; 1 

Mean 8.794 ± ".008 


Solar parallax from observations on minor planets with the 

heliometer. 

77. The fact that the determination of the parallaxes of the 
small planets by comparison with neighboring stars is free 
from the grave uncertainty attaching to similar observations 
of Yenus and Mars, owing to the absence of a sensible disk, 
was, long sinee pointed out by Dr. Galle. In 1876 he pub- 
J % discussion of observations on Flora, made at nine 
northern observatories; a*d at the Cape, Cordoba, and Mel- 
bourne in the Southern hemisphere.! The result was 

n = 8 ". 873. 

.An examination of the residuals of the several observatories 
shows that in the case of at least one of the Southern observa- 
tories there is a systematic difference of a considerable fraction 

* Aatronomiacbe NacbrichteH, Vol. 136, S. 354. 

tUeber eine Bestimmnng der Sb&nen-Paxallaxe aus correapondirenden 
BeobacbtuEgen dee Planeten Flora, in October und November 1873. 
Breslan, Marasclike & Berendt, 1875. 
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of a second This fact seems to present our assigning any 
appreciable weight to the final result 

In 1874, Gill, at Mauritius, made heliometer observations 
of Juno, east and west of the meridian, with the same object 
The result was 8" 7G5, or 8 " 815 when a discordant observation 
was rejected In this connection, only an allusion is necessary 
to Gill’s expedition to Ascension m 1877, made for the pur 
pose of applying the method to Mars at the opposition of that 
year 

Shortly afterwards Gill published in the first volume of The 
Observatory a very exhaustive discussion of the methods of 
determining the solar parallax, in which he showed that hell 
ometer observations of the minor planets, made either at a 
single station not too far from the equator, or at two stations 
m different hemispheres, afiorded a method of measuring the 
parallax more precise than any befoie applied 

Ten yeats elapsed before the plan was put into opeiation 
Then, m 1889 and 1890, a concerted system of observations was 
made on the three minor planets, Yictona, Ins, and Sappho, at 
a number of observatories m both hemispheres The observa- 
tions relating to Victoria were carried out most thoroughly, 
m that a very careful tnangulation of the stars of companion 
inter se was made at the observatories which took part m the 
measures The tabular data for the reductions were supplied 
by the office of the Berime > Jahrbneh , and the reductions 
and discussion were made by Gill himself for Victoria and 
Sappho, and by Di Elkin, on Gill’s plans, for Ins The 
three results, as communicated in advance of their complete 
official publication, aie 

// // 

From Victoria n = 8 800 p e A 0 006 

Ins 8 825 p e ± 0 008 

Sappho 8 796 p e A 0 012 

I assign the respective weights 4, 2, and 1, thus obtaining, 
as the final result of this method, 

re = 8" 807 ± 0" 006 

I have included in a separate category Gill’s determma 
tion by Mars, at Ascension, in 1877, as published by the 



154 


UNCERTAINTY OP PARALLAX PROM MARS. [71 

Royal Astronomical Society ( Memoirs Royal Astronoynic&Z 
ciety, Vol. XLYI), for the reason that, owing to the disl 
Mars, and its reddish color, determinations made on. it 
liable to errors peculiar to that planet, or at least diffei 
from those which might come in in the case of the si 
planets. 

Remarks on determinations of the parallax which are not ^ 
in the present discussion . 

78. In the preceding discussion are given the results 
every modern method of determining the solar parallax: x 
which I am acquainted, except meridian and equatorial o"b 
vations on Mars. I have not used any of the results deri 
from this source, owing to their large probable error, 
the suspicion of systematic error to which they are oj 
One of these causes of error is to be found in the red colo 
Mars. This cause will be pointed out and discussed v 
fully in a subsequent section. Its effect would be to make 
observed parallax too large. Since, as a matter of fact, 
the determinations of Mars by meridian observations h 
given a larger parallax than the generality of other metlr 
color seems to be given to this suspicion. Apart from t 
the setting of the threads of a meridian circle upon the ap 
ent disk of Mars involves a visual estimate not compars 
with that of the bisection of the image of a star by the tbre 
Hence, there is a chance of systematic personal error aru 
from this source. The observations generally exhibit 1$ 
which .inay be attributed to one or the otln 
these causes. • f * 1 > v 1 

It may be objected to the inclusion of GIli/s Ascen 
, result that it should be rejected for the same reason, since 
qf the planet would affect heliometer observations 
observations equally. I have, however, consid 
it fr^i^ for two reasons. Xr 

first place, the result; is, mot too large, but is, on the conti 
the smallest of all the accurate measures. The principle 
when a result is open to a strong suspicion of being affe 
by a cause which would cause it to deviate in one directio 

, „ , i f i* r* \ , , r > 

is logical to conclude a posteriori that the cause has not a 
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if the deviation is found to be m the other direction, may not 
be a perfectly sound one, but I have nevertheless acted upon 
it In the next place Gill himself, as a part of his discus 
sion, compared the observations when Mars was at different 
altitudes, in order to determine whether the action of such a 
cause was indicated, and found a negative result 

In 1890 an unsuccessful attempt was made, at the writer’s 
request, by Dr W L Elkin, to measuie the effect m question, 
by placing a refracting prism of very small angle over one of 
the halves of a heliometer objective, and measuring the lefi ic 
tion thus produced It was supposed that the dispersing 
action of the prism would represent that of the atmosphere, 
greatly magnified The failure arose from the result that the 
apparent mean refraction of the star produced by the prism 
proved to be a function of the star’s magnitude, ranging fiom 
748" 79 for a star of magnitude 2 55 to 751" 61 foi a star of mag 
nitude 6 95 The reason seemed to be that too powerful a prism 
was used, so that the spectrum was quite sensible, then, in the 
case of faint stars, the red portion of the spectrum was mvis 
ible, so that the apparent mean refraction was greater than in 
the case of the brighter stars The mean of the observed 
displacements of Mars was 748" 61, so that it was always less 
for Mars than for the stars * 

An investigation of the question whether the same effect is 
noticeable m meridian observations fails to show any relation 
between the brightness of a star and its refraction But this 
does not disprove the relation between the refraction and the 
color of a star 11 

On the whole it seems to me that, at least m the case of 
Mars, we have here a cause so mixed up with personal error 
m making the observations that the objective and subjective 
effects can not be completely separated 


* A$iu>nomical Journal, Vol 10, page 97 



CHAPTER VIII. 


DISCUSSION OF RESULTS FOR THE SOLAR PARALLAX 
AND THE MASSES OF THE FOUR INNER PLANETS. 

79. We have, in what precedes, found or collected nine 
separate values of the parallax of the Sun, by methods of 
which seven may be regarded as completely distinct, in the 
sense that no one source of error is common to any two. Of 
these seven the two most nearly associated are those which 
utilize transits of Yenus. These are similar only in the sense 
of resting upon a determination of the relative parallax of 
Yemls and the Sun during the time of a transit, But the 
only common elements which enter into the determination are 
the ratio of the distances of the Sun and Yenus, which is 
determined with such certainty that we can not regard it as 
subject to error, The methods of determining the parallax in 
the two cases are completely distinct from the beginning, 
there being, I conceive, no common source of error affecting 
an observation of contact of limbs and one of a distance 
measured from the center of the Sun while Yenus is in transit. 

I have classified as if they were independent the values of 
the parallax which follow from the Pulkowa determinations 
pf constant of aberration, and those which follow from all 
Of course whatever doubts may affect 
the theory of 0he, ; r^ation between the constant of 

aberration and the velocity of hght wiU equally affect both 
^eterupnations. I do not, however, conceive that there is 
apy source of error which can affect both the Pulkowa deter- 
pf the aberration and those made elsewhere. The 
two <So^d have been combined so as to give a single result 
of the method; but as klpe two values of the constant differ 
by more than we should, expect them to from their probable 
errors, I have kept them separate, partly not to give a false 
appearance of agreement of results? and partly to facilitate 
the inception of any future investigation on the subject. 

* 15 6 
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I have also separated the result of Gill’s observations on 
Mars, at Ascension, m 1877, from the determinations made by 
the same method on the mmoi planets, because, owing to the 
color and disk of Mars, the two results may be affected by 
very different systematic errors The only common systematic 
error which seems likely to affect them is that arising from the 
coloi of the object, which will be discussed hereafter 


Results of determinations of the solcu parallai arranged m the 
order of magnitude 


From the mass of the Faith resulting 
from the secular variations of the 
orbits of the four innei planets 

From Gill’s observations of Mars at 
Ascension 

From Fulkowa d( to mutations of the 
constant of aberration 

From observations of contacts during 
transits of Venus 

From the parallactic inequality of the 
Moon 

From determinations of the constant of 
aberration made elsewhere than at 
Pulhowa 

From hehometer observations on the 
minor planets 

From the lunar equation m the motion 
of the Earth 

From measurements of the distance of 
Venus from t he Sun’s center during 
trannts 


// // U)t 

8 759 ± 010 9 

3 780 J- 020 2 

8 793 ± 0046 40 

8 794 ± 018 3 

8 794 ± 007 18 

8 806 ± 0056 28 

8 807 ± 007 20 

8 825 ± 030 1 

8 857 ± 023 2 


The mean etrots which follow each value are those which, 
from a study of the determination, it seemed likely might 
affect them, no allowance being made for mere possibility of 
systematic eiror The weights assigned are convenient small 
integers, generally such as to make the weight unity corre 
spond to the mean enor ± 0" 30, allowance being made, how- 
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ever, for doubt as to what value should be assigned to the 
mean error and for the different liabilities to systematic error. 
The mean result is — 

// // 

From all determinations; n = 8.797 
Omitting the first result; n = 8.800 ± .0038 

The last value differs from the preliminary value 8 // .802 of 
Chapter Y, from a change in the weights. It will be seen 
that the different values are all as accordant as could be 
expected, with the exception of the two extreme ones. In the 
largest value we have a case the principles involved in which 
have been discussed in Chapter IY. 

We can not suppose the parallax to be materially greater 
than 8 /; .800 ? and may take it as probably less than this. Thus 
the absolute error of the results of measures of Yenus on the 
face of the Sun may be considered as about 0Y06 or O^.O?, 
which is four times the computed probable error. The prob- 
ability against this, even in the case of one result out of eight 
or nine, is so small that we must either regard the method as 
being affected by some systematic error, or as affected by 
an objective probable error larger than that assigned. It 
seems to me the latter view is not untenable, m view of the 
very wide range of the possibilities of error which might affect 
a series of observations with a heliometer exposed to the Sun’s 
rays during a period limited to a few hours. 

Again, in the photographic measures, the value of a second 
of arc in lefigth on the photographic plate enters as a some- 
what Uncertain element. Trr this’ connection it is to be 
remarked that the measures op position angle on the photo- 
graphic plates, which are not affected with this uncertainty, 
although their probable' error is quite considerable, give a 
value qf theTsolar parallax much smaller than the measures of 

Much more embarrassing is the value which results from the 
mass of the Earth. We here meet in another aspect the same 
deyiation which we encountered in determining the mass of 
the Earth from the secular variations, and on which we post- 
poned a conclusion (§64). This determination rests very 

-t ’ * 
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largely oil the motion of tlie node of Venus, as determined 
from the transits of 1701 and 1769 It is true that results of 
mendian observations are combined with them, but no expla 
nation is thus afforded of the difficulty, because the results of 
these observations agree with those of the transits (v $39) 
What adds to the embarrassment and pi events us from wholly 
discaidmg the suspicion that some disturbing cause has acted 
on the motion of Venus, oi that some theoietical cum has 
ciept into the woik, is th it, of all the determinations of the 
solar parallax this is the one \Aluch seems the most lice from 
doubt arising from possible undiscovered sources of eum It 
is, as we shall presently see, really entitled to twice the relative 
weight assigned it As, however, the determination rests 
mainly on the motion of the node of Venus, and this again 
mainly rests on the observations of the oldei transits, I have 
made a reexamm rtion of the results of these tiansits with a 
view of leaching a moie e\ ict estimate oi tlu. somets oi erroi 
and the magnitude of the mean enoi In tins le examination 
I have regarded the Sun’s parallax as a known quantity equal 
to 8" 798, and then obtained the results of the old observations 
of the transits on the supposition that the only quantities to 
be determined were the corrections to the lelative heliocentnc 
positions of Venus and the Earth 

Rediscusswn of the motion of the node of Venus 

80 In discussing the observations of 1761 and 1769 [Astro 
nomical Papers, Vol II, Part V), I mtioduced a quantity 
expressive of the error m the obseived time ot (on tact aiming 
from imperfections of the t< lest ope and atmospheric absorp 
tion and dispersion The (onstants on which these errors 
depend are represented by symbols h 2 and h *As I have 
woiked up the observations, the ultimate result of each 
observation of contact is the value of an unknown quantity, 
Sc, which, were there no imperfections ot \isum and were the 
radii of the Sun and Venus accurately known, would represent 
the correction to the tabular distance of centers As a matter 
of fact, howevoi, we are to consider Sc as equal to this eonec 
tion increased by a rather complex combination of quantities 
depending on the errors of the assumed semuliameters of 
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Venus and the Sun, and the thickness of the thread of light 
when it first became visible at second contact, or vanished at 
third contact. The observations must be so combined as to 
eliminate these quantities. What I have done is to represent 
the undiscoverable minute correction to dc thus arising by 
the symbol # 2 for second contact, and # 3 for third contact. In 
the present re-examination the absolute terms are reduced to 
the parallax 8",798 by putting d7r 0 = — ".05 and n r = — ".025 
in the final equations of the original paper. After each result 
is given the mean error with which it is affected, as deter- 
mined by the investigation in question. When thus treated, 
the equations which I have given on pages 391-398 of the 
paper referred to give the following normal equations for dc, 
the indeterminates k 2 and k 2 being retained as such in order to 
show their final effect on the result. 

// // 

1761. II j 8.5 dc = + 0.76 - 18.5 fc 2 ± 0.78 

nij 41.7 dc = - 2.81 - 19.2 &3 d= 1.30 

1769. II j 44.8 * dc = - 8.00 - 104.1 \ ± 1.95 

III; 12.1 dc = + 0.31 - 16.0 k 3 ± 0.70 


In order to vary the proceeding as much as possible from 
that of the former investigation, I now express dc in terms of 
dX and d/3, which, for the time being, I take as the corrections 
to the heliocentric longitude and latitude of Venus referred 
to the Earth, and these again in terms of dv and sin idd , 
which latter, for brevity, I call u. The first transformation is 
made with the coefficients of p. 71, where we have put x and 
— y for dX and d/3, and the last by the equations 



// 

dX = dv + 0.06 u 
d(3 = u — 0.06 v 


Putting % fi>r the value of u in 1765, we have, in consequence 
of the known change in the motion of the node, 

1 , ' ft 

In 1761 j « = «j + 0.11 
In 1769; u = ui — 0.11 
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We thus have the four equations which follow lor determining 
do and iq, the former being supposed the same at the times of 
the two transits 

- 84 du - 55 Mi + St = + 015 - 2 2 fa J 000 

+ 73 - 09 + 2,= +001 -0 51, d 0 03 

- 00 + 73 +z i= - -010 -237,. -I- 0 01 

+ 81 +00 +2, = +010 — 13/,, J 000 

Eliminating z„ <ind 2 , by subti acting the lust cqmtion honi 
the thud, and the second tioin the fouith, w < have — 

15 d» + 1 28 «i = — 025 - 01 fa A- 0 10 
08 d® + 1 20 Mi = + 0 09 - 0 8 fa ± 0 07 

We thus have for Mi the value 

«, = - 0" 04 - 0 OS dn - 0 03 fa — 0 30 /,■, -L 0" 05 

d« can not b< dotuunned independently of s z and Assum 
mg these quantities to be equal, we have alieady tound it to 
be only 0" 02 , and may thoiofoie, to determine its probable 
effect upon the result by assigning to it the value 

6v = 0" 00 I 0 " 22 

In the former paper I have found tor k z and /c, the values 

<V // 

fa = + 0 040 + 0 040 
fa = - 0 034 -L 0 040 

A preliminary coirection of + 2" 03 having been applied to 
the tabulai orbital latitude, we have, tor the epoch 1705 5 

sm x) 8 = + V 99 1 0" 00 

Combining this insult with that of the transits of 1874 and 
1882, we li ive the following results, which are compared with 
those of meridian observations 

Transits of Yenus alone sin i D t 68 = — 282 

Mendian observations alone “ — 2 45 

Combined solution u — 2 71 

Adpisted with other lesulfs (§40) « _ o 73 

Adopted , it — 2 77 

5090 N ALM 11 
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The adopted result is the one which seems the most probable. 
For the final probable error we are to include that of the pre- 
cession and of the Sun’s longitudes at the two epochs. We 
may estimate the combined value of these at ± 1", correspond- 
ing to an error of 0".06 in sin i D t 66. Thus we have 

sm i D t 66 = - 2" 77 ± ".084 

I conceive this mean error to be as real as any that can be 
determined in astronomy. This conviction rests upon the fact 
(1) that the systematic errors affecting the four contacts are 
shown to be small by the general minuteness of the four values 
of Sc; (2) that whatever systematic errors may affect the 
formation or disappearance of the thread of light are almost 
completely eliminated from the mean of the transits of 1761 
and 1769 by the method m which the observations have been 
combined. The accordance of the observations of external 
contact made at the same transits strengthens this view. 

The equation thus derived takes the place of the sixth 
equation of §63 and should have twice the weight there 
assigned. As the mass of the Earth determined by the secu- 
lar variations rests mainly on this equation, I shall first con- 
sider it alone. Expressing the theoretical secular variation of 
sin iS6 in terms of the above observed value, we find that the 
observed motion of the node of Venus gives the equation 

0".26 v - 29"2 v ' - 43"2 v" = + 0" 48 ± 0 // .084 (a) 

whteh gives for V 7 the value 

' V" = — oihll + 0.006 V - 0.676 v> ± .0019 

The value of the solar parallax for v" = 0 is 8".811. Hence, 
for the value expressed in terms of the corrections to the 
ait&med masses of "Venus and Mercury, this equation gives 

7T = 8" 778 + 0 /y .020 v — 1".98 v* 

We have found from the periodic perturbations 

* t 

// // 

v=- 0.055 ± .35 

‘ • v' = + 0.0080- ± .0025 
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Whence, 

// // 

»" =-001081 0020 
tt= <S762 1 0080 

Tins icsult, of obsen ation, enois and unknown actions aside, 
1 can not suppose to be allec tod by any othei moan on or than 
that hi re assigned 

We have now to considei how fai this i c suit may bo loion 
cilod with the ntheis b\ changes m the masses ol Men my 
and \ emiH No admissible change m the fonnei could gieatly 
affect the lesult The question thou arises whetliei the d's 
orepancy may not be due to an error in the concluded mass 
of Venus In making so laige a change m tins elonient, we 
meet with insuperable difficulties The obseived motion of 
the elliptic, which is a fauly well detoimined quantity, mill 
cates a still lint hoi uiiieaseof this mass We may put this 
difficulty in mot lie i loim The obseived motion ol the node 
ot \ onus is a lelative one, < (insisting in the combined ellec t of 
the motion ot the ecliptic atomic! an axis at light angles to the 
node of Venus, and an absolute motion of the orbit of Venue 
around nearly the same axis This motion of the ecliptic 
depends mainly cm the mass ol Venus, the absolute motion 
of the oi bit of Venus mainly on that of the Mai th If, now, wo 
deteimme the motion of the ecliptic fiom observation, we shall 
find that the lelative motion of the orbit of Venus still unac 
counted foi is yet gieatei than wo have supposed it to bo, and 
should thoieiore find a yetsmullei massed the Kmfcli than that 
hoi etofore < (included 

The determination of the muss of Venus all eady made from 
obseiviticms ot the Sun and Meicuiy seems to admit of no 
doubt We e in not conceive that the mean of fifteen detoi 
munitions, made during one bundled and thirty yeais, at dif 
ferent observatories, which determinations me so sepai at ed as 
to be entirely independent of each othei, can be* allec ted by 
any c onsidet able c onimoii cum The ent n e aeecu dance of the 
result thus i (Me bed tioni the penodie pel tui buttons pioduced 
by Venus with that ftom a c ombmation of all the secular 
variations, as shown in Chapter VI, strengthens the result 
yetfuither Unknown actions and possible delects of thorny 
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aside, it seems to me that the value of the solar parallax 
derived from this discussion is less open to doubt from any 
known cause than any determination that can be made. 

Possible systematic errors in determinations of the parallax. 

81. We have now to return to the other values, in order to 
see to what extent they may be affected by systematic error. 

I have already excused myself from discussing the validity ot 
the assumed relation between the constant of aberration ant 
the velocity of light, because there is nothing valuable to be 
said on the sublet, and have alluded to the possible sources 
of systematic error in the Pulkowa determinations ot aberra- 
tion . It is worthy of attention here that the very best of these 
determinations, that of Nyren with the prime vertical transit, 
in respect to the care with which it was made, and the general 
accordance of the entire work throughout, gives a result most 
accordant with that under consideration. In fact, to the- value 
8".77 of the solar parallax corresponds the value 20 .55 ot 
the constant of aberration, which is larger by only 0".02 than 

the result of Nyren’s best determinations. 

A.s for miscellaneous determinations of the constant, it is to 
be remembered that the corrections applied to a part of the 
separate values on account of the Chandlerian inequality of 
latitude are somewhat doubtful, and the general mean mav 
have been affected by a few hundredths of a second in conse- 
quence. It is not, however, possible to determine the amount 
of the correction, except by an exhaustive rediscussion of the 
whole of the original observations, and even then the resu t 

would still be doubtful. ’ 

Next in the order of weight we have the results of measures 

on the minor planets with the heliometer, on Gill’s plan, 
have already remarked upon the possible error in such obser- 
vations arising from the probable difference of color between 
the planet and the star. A hypothetical estimate ot the 
amount of this error is worth attempting. Let us assume that 
in the case of a minor planet the mean of the visible spec- 
trum corresponds to the line D, and that in the case of a star 
the same mean is halfway between the lines D and E. 
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The index of lefraction of air has been detei mined mde 
pendently by Kettllr and Lorentz for the diffeient lays 
The mean of then lesults foi the lays D and E is 

Foi D, n == 1 000 2920 
Foi B, n = 1 000 2940 

These results aie accoidant in giving a dispel sion between 
these two lines equal to about 0037 of the total refraction 
We have hypothetically taken the extieme possible difference 
between planet and stai to be one halt of this At an altitude 
of 45°, wheie the lefiaction is about 60", the eiroi would be 
0" 11 At an altitude of 30° the enor would be 0 // 20 We 
aie thus led to the noteworthy conclusion 
If the difference between the sweety a of a minor planet and a 
comparison stai is such that the means of thev icspective visible 
spectra , o) the apparent amounts of then t espectne ref y actions, 
diffti by one tenth ot the space between D and an erroi of 
0 n 02 07 0 n 03 may be piodnced in the apparent paiallax of the 
planet 

The question thus arising may be readily settled by measures 
s with the heliometer The distances of pairs of stars differing 
as widely as possible m cold should be measured at different 
altitudes, when one is nearly above oi below the other, m 
order to see what difference of refraction depending on the 
coloi is indicated A colored double star, such as fS Gygm, 
might also be used for the same purpose 
The minor planets are of diffeient colors I am not awaie 
of any evidence that Victoria or Sappho differ in color from 
the aveiage of the stais, but I believe that Ins is somewhat 
yellow, or reddish Kow, in this connection, it is a significant 
fact that the parxllax found fiorn observations of Ins, 8" 825, 
is the largest by Gill’s method 
I have already remarked that the value ot the solai p uallax 
derived from the parallactic equation of the Moon is one of 
which the probable mean enoi is subiect to uncertainty 
While it is true that the value maybe smaller than that we 
have assigned, we must also admit that it may be much larger 
The piobable enoi ot the determination by the lunai equa 
tion of the Eaith is largei than that of any othei method At 
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the same time I do not think that it is liable to systematic 
error, and we must therefore regard the mean error assigned 
as real. 

Results for the solar parallax after making allowance for prob- 
able systematic errors. 

82. Let us now see whether we can reach a satisfactory 
result by making a liberal allowance for the more or less 
probable sources of systematic error just pointed out. The 
modifications we make in the weights formerly assigned are 
these: We reduce the weight of Gill’s Ascension result to 
one-half, owing to the uncertainty arising from the color of the 
planet Mars. We retain the Pulkowa determinations of the 
constant of aberration with their full weight, but reduce the 
weight of the miscellaneous determinations. In the case of 
the parallactic inequality, we reduce the weight for the reasons 
already given. We omit Iris from the determination from the 
minor planets. W r e also reduce to one-half its former value 
the relative weight assigned to measures of Venus on the Sun, 
on the theory that the actual mean error must be larger than 
that given by the discordance of results. Our combination 
will then be as follows: 

" wt 

From the motion, of the node of Venus .... 7t — 8.768 10 


From Gill’s Ascension observations .... 8.780 1 

From the Pulkowa constant of aberration . . . 8.793 40 

From contacts of Venus with the Sun's hmb . . 8.794 3 

From heliometer observations on Victoria and 

Sappho ' 8.799 5 

From the parallactic inequality of the Moon . . 8.794 10 

Fran miscellaneous determinations of the con- 
stant of aberration 8.806 10 

From the lunar inequality in the motion of the 

Earth 8.81 8 1 


From measures on Venus in transit b.8o7 1 

Mean result, ignoring the first; 8". 7905 ± .0045 

This mean result still differs from that given by tbe motion 
of the node of Venus by more than five times the probable 
error of the latter, and is yet farther from the combined result 
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of all the secular variations, so that no reconciliation is brought 
about 

The embanassmg question which now meets us is whether 
we have here some unknown cause of difference, or whether 
the discrepancy anses from an accidental accumulation of 
fortuitous eirois m the sepaiate determinations We have 
already discussed the formei hypothesis, and h we been unable 
to find any reasonably probable cause of abnormal actron 
The motion of the planes of the mbits is that which is least 
likely to deviate from theory, because it is independent of 
all forms of action depending upon (distance from the Sun, 
or upon the velocity of the planet 
An examination and comparison of all the results shows one 
curious feature the unanimity with which the secular vana 
tions speak against the laige value of the solai parallax, or 
of the mass ot the Earth, as the one quantity xt fault The 
adopted motion ot the node of Yenus is sust lined not only by 
the meridian observations, but by the external contacts at the 
tiansits of 1701 and 17G9, and, weakly, by a comparison of the 
transits of 1874 and 1882 

If we determine the correction of the mass of the Earth from 
other secular variations than that of the node of Yenus, by 
the equations of § G3, we have, after eliminating the masses of 
Mercury and Yenus, 

v" = - 0 029, p e ± 018 

If, instead of eliminating these values, we put 

v *+■ 08, v* = + 0080, 

we have 

v" = - 0 026, p e ± 014 

In each case the value of the parallax is yet smaller than that 
found from the motion of the node of Yenus I have alieady 
lemaiked that the observed motion of the ecliptic indicates 
an increase of the mass of Yenus 
The question thus takes the form, whether it is possible that 
the mean of the s- even determinations of the solar parallax 


7t = 6" 797 A " 0035 
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can with reasonable possibility be in error by an amount tlie 
correction of which would bring it within tlie range of adjust- 
ment of the other quantities. 

From what has already been said of the systematic errors 
to which every one of the determinations may be liable, it is 
evident that we should have no difficulty in accepting the 
necessary reduction of each of the separate values. The 
improbability which meets us is not so much the amount of 
the individual errors of the determinations as the fact that 
seven of the eight independent determinations should all be 
largely in error in the same direction.* Still, under the cir- 
cumstances, we must admit this possibility, and make what 
seems to be the best adjustment ot all the results. 

Definitive adjustment . 

83. In making the definitive adjustment I shall proceed on 
the supposition that no correction is necessary to the adopted 
mass of Mars. I also go on the principle that no result is to 
be rejected on account of doubt or discordance, except when 
it is affected with a well-established cause of systematic error, 
and shows a large deviation in the direction in which this 
cause would act. At the same time it will be admissible to 
diminish the weights in special cases, on account of causes of 
systematic error which we know to exist, although we can not 
determine the directions in which they would act; and also on 
account of deviations so wide as to show that the probable 
error of the result must have been greatly underestimated. 
Proceeding on this plan, we might reweight the last eight 
results for the solar parallax, so as to get a result slightly 
different from SA797. But I doubt whether such a reweight- 
ing would not involve an objectionable bias. 

We might diminish the weight of the result given by the 
Pulkowa constant of aberration on the ground that no one 
method should have so preponderating a weight as this has. 
If we did so the result might be increased to 8"800. We 

* For a very searching criticism of tlie systematic errors with which the 
determinations of the solar parallax may he affected, reference may he 
made to the first two articles by Dr. David Oill, m Vol. I of The Observa- 
tory. 
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might very largely mciease the relative weight assigned to 
the heliometer observations on Victoria and Sappho, but no 
admissible increase would appreciably change the result We 
might also dimmish the relative weight of the laigely dis 
cordant result derived from measures of Venus duimg transit 
But as, by throwing out this result altogether, we should onty 
dimmish the mean by n 001, it is scaicely worth while to do 
so Altogether no lediscussion of the relative weights seems 
necessary 

On the other hand, the weight which we assign to the mean 
result will enter as a ver} impoitant factoi into the final 
adjustment This is a point on which it is impossible to reach 
a positive numerical conclusion by any mathematical process 
If, as one extreme case, we consider that the mean erroi of 
each separate result corresponds to A0 /; 03 for weight unity, 
we shall have a mean enoi of A" 0035 for the value 8" 797 
The lesult will not be veiy difteient if we determine the mean 
error fiom the discordance of the eight separate results On 
the other hand, if we include the deviation of the lesult given 
by the motion of the node of Venus, the mean error for weight 
unity will be increased to A 0" 0045 The latter is undoubt 
edly the most logical couise, so long as we proceed on the 
hypothesis that the deviations of the final adjustment can all 
be explained as due to fortuitous eirors If we include a com 
panson with the results of all the secular variations we shall 
have a yet laiger mean erroi To show the lesult of assigning 
one weight or the other I shall make two solutions, A and B, 
m one of which a less and m the other a gieatei weight will 
be assigned 

To the value 8" 797 A 005 or A 007 of the solar parallax 
corresponds 

v n = - 0 049 A 0016 oi A 0025 

According as we assign one weight or the other to this result, 
we may take as the corresponding equation of condition of 
weight unity 


(a) 


01 


(A) ; 

(B) , 


400 A' = - 20 
600v" =-29 
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The masses of Venus and Mercury, determined by methods 
independently of the secular variations, also enter as conditions 
into the adjustment. I have, however, made a revision of the 
preliminary adjustment given in § 64, the latter being based on 
the results of §§ 32-38 ; whereas it is better to use the defini- 
tive results of the combination used in § 46. 

For the mass of Mercury the result found in § 53 by the 
last combination is 


1 ± 0.35 
7 


943 000 




The values of the denominator corresponding to the mean 
limits here assigned are 

5 890 000 and 12 210 000 

These limits are so wide as to include all admissible results for 
the mass of Mercury. Moreover, we can not definitely say that 
the value (b) of this mass is markedly greater or less than that 
given by the weighted mean of all other results, since we 
might so weight the latter as to give a result greater or less 
without transcending the bounds of judicious judgment. I 
conceive, therefore, that we are justified in reducing the mean 
error to d= 0.26, which will give as the equation of condition 

r== _ 0.055 ± 0.25 

and hence 


40 cc = - 0.22 ± 1 (c) 

When, in the normal equation for the mass of Venus, given 
by the observations on Mercury, we substitute the values of 
the secular variations found from the general combination of 
§ 46, the result is 

v' = - 0.0114 

Combining this with the result from the Sun, we have 

v* = - 0.0117 

in view of the fact that the mass derived from observations of 
Mercury may be affected by systematic errors of the kind 
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shown and discussed m § 53, the mean enoi formerly assigned 
to this result should be somewhat diminished The lesult is 

m ' = TocGod 

From this we have 

7 1 = + 0 0084 A 0030 

For the equ ition ot condition ol weight unity I take 

330 k' = + 28 (d) 

With these equations of condition we have to combine the 
eleven equations of §63, which we use unchanged, except that 
we double the weight assigned to the sixth equxtiou, that 
denved fiom the motion of the node of Venus, on account of 
the smaller pxobable enor of the result of our preceding ledis 
mission, and use the value of the absolute teim found in §80 
If we accept the view that all the perihelia move accoidmg 
to the same law of gravitation towaid the Sun, namely, that 
expressed by Hall’s hypothesis, then the value of the quan 
tity din the formula expressing the law ol gravitation is so 
well determined by the motions ot Mercury that it becomes 
legitimate to use the obseived motions of the perihelia of the 
other thiee planets as equ itions of condition But since it is 
not impossible that the minor planets between Mars and 
Jupiter may ha\e an appreciable influence on the motion of 
the perihelion of Mars, it is a question wlietlu i we should not 
exclude that moti&n fiom the equations 
The conditional equations gu tn by the motions of the three 
perihelia m question aie found by comparing the results of 
§§46, 54, and 61 They are 

40 x + 0 v* + 20 v" = + 10 
— 14 +46 +0 =-01 ( e ) 

2-13 +61 =+07 

The conditional equations to be combined are the eleven, 
equations of §63, the sixth of which is to have double weight, 
and the six equations (ft), (c), (d), and (e) 
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The normal equations to vrliicli we are thus led are the 
following, which show the results of the four combinations we 
may make according as we use (A) or (B) for the equation 
given by the mass of the Earth, and omit or include the third 
equation ( d ), which is given by the motion of the perihelion 
of Mars. 

(a.) Including the motion of the perihelion of Mars. 

9 607a; - 7 147 v' - 11 335r" = + 220 

— 7 147 + 267 1-74 + 168 727 = - 587 

— 11 335 + 168 727 + 406 300 = - 3388 (A) 

— 11 335 + 168 727 + 606 300 = - 4328 (B) 


(/S.) Omitting the motion of the perihelion of Mars. 


9 603 a? - 7 121r' - 11 457 v" = + 219 


- 7121 + 267^03 

— -ii iir ■' ' 



The results of the solutions in the four cases are: 


Aa 

a; + 0.0147 + 

v + 0.147 + 

v' + 0.004 34 + 

v" - 0.009 73 - 

1 -i- m 6 539 000 

1 4. m' 408 230 

n 8".783 


A/i 

B a 

0.0142 

-f 0.0161 

0.142 

4- 0.161 

0.004 60 

4- 0.003 10 

0.010 05 

- 0.007 70 

6 567 000 

6 460 000 

408 120 

408 730 

8 // .782' 

8".78& 


B J3 

+ 0.0158 
+ 0.158 
+ 0.003 25 
- 0.007 87 
. 6 477 000 
408 670 
8". 788 


I conceive that if the secular variations, especially the motion 
of the node of Venus, are not affected by any unknown cause, 
some mean between these should be regarded as the most 
probable solution. The result does not, however, bring about 
a satisfactory reconciliation. We still find ourselves confronted 
by this embarrassing dilemma: Either there is something 
abnormal in connection with the node of Venus, due to an 
unknown cause acting on the planet, to some extraordinary 
errors in the observations or their reduction, or to some error 
m the theory on which the discussion is based, or the deter- 
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mmations of the solai parallax are nearly all m erroi m one 
direction by amounts which are, in more than one case, quite 
surpiismg 

Possible causes of the observed discordances 

84 Two possible causes of discoi dance may be suggested, 
one of which has not been touched upon at all m the piecedmg 
chapters, and one peiliaps inadequately As to the hypothesis 
of non sphericity of the Sun, considered in §50, it may be 
remarked that Di Hartzer shows that an ellipticity of the 
Sun sufficient to produce the obsen ed motion of the perihelion 
of Meicuiy would cause a direct motion of 5" 1 in the motion 
of the node of Venus This would conespond to a change of 
0" 30 m the value sintD fc 0 and would tlierefoie go far toward 
reconciling the discrepancy But it is easy to see that this 
cause would produce a secular motion of — 1" 6 in the mclina 
tion of Mercury We have seen that the observed motion of 
the inclination already exceeds the tlieoietic il motion by 0" 38, 
so that introducing the hypothesis of ellipticity of the Sun we 
should have a disci epancy of about 3" 0 between theory and 
observation This conclusion alone seems fatal to the theory, 
which otherwise has been shown to be scarcely tenable 
The other possible cause is an inequality of long period, 
especially one depending on the argument 13Z "— SV which 
has a period of about two bundled and foity three ^ears A 
veiy simple computation shows that the coefficient of this term 
is only of the ordei of magnitude 0" 01 
It is a cunous coincidence that if we had neglected to add 
the mass of the Moon to that of the Earth, in computing the 
secular variations, the discrepancy would not have existed 

Adopted values of the doubtful quantities 

85 The practical question which has been before the wnter 
m working out the preceding results is What values of the 
constants should be used m the tables of the celestial motions 
of which the results of this discussion ai? to foiin the basis ? 
Should we aim simply at getting the best agreement with obser 
vations by corrections more oi less empirical to the theory ^ 
It seems to me very clear that this question should be answeicd 
m the negative No conclusions could be drawn from futuie 
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comparisons of such tables with observations, except after 
reducing the tabular results to some consistent theory. The 
imposition of such a labor upon the future investigator is not 
to be thought of. Moreover, there is no certainty that the 
tables which would best represent past observations would 
also best represent future ones. Our tables must be founded 
on some perfectly consistent theory, as simple as possible, the 
elements of which shall be so chosen as best to represent the 
observations. 

In choosing the theory and its constants we have again a 
certain range. If we accept the necessity of assuming the 
secular variations of the orbits of Mercury and Venus to be 
affected by the action of unknown masses of matter, then the 
simplest course to adopt is to construct our theory on the sup- 
position of a planet or group of planets between Mercury and 
Venus. 

It seems to me that the introduction of the action of such a 
group into astronomical tables would not be justifiable. The 
more I have reflected upon the subject the more strongly 
seems to me the evidence that no such group can exist, and, 
indeed, that whatever anomalies exist can not be due to the 
action of unknown masses of matter. 

Besides, the six elements of such a group would constitute 
a complication in the tabular theory. 

On the other hand, it did not seem to me best that we should 
wholly reject the possibility of some abnormal action or some 
defect between the assumed relations of the various quanti- 
, tiel 1 .; 1 , on doing was to increase the theo- 
retical motion by the same fraction of the 

mean motion, a course represent the observations 

without committing us to any hypothesis US to the cause 
pf the excess of motion, though it accords with the result of 
Hal£ ? S hypothesis of the law of gravitation ; to reject entirely 
the hypothesis of the action of unknown masses, and to adopt 
for the elements what we might call compromise values between 
% those reached by the preceding adjustment and those which 
would exist if there is abnormal action. The exigency of hav- 
ing to prepare the tables required me to reach a conclusion on 
this subject before the final revision of the preceding discus- 
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sion, so that the numbeis used axe not wholly basal upon it 
The conclusions I have leached aie these 

Since, if tliexe is nothing abnormal in the theory, the solar 
parallax is piobably not much huger than 8" 780, and it there 
is anything uhnoimal it is probably <is laige as 8" 70 1 ) or even 
8" SOO, v e may adopt the value 8" 7*10 as one which is almost 
ceitainlv too huge on the one hypothesis and too small on the 
othei, and which is theretoie best adapted to afloul a decision 
ot the question 

h'oi the mass ot \ enus I took, as m mtei mediate value, 
in' = 1-408 000 

For the mass of Mercury I took 

1 - 0,000,000 

Actually it seems that this mass is 1 ugcx than the mostprob 
able one on oitliei hypothesis, though not without the lange of 
easy possibility 

With these values the outstanding diffei once between theory 
and observation in the centennial motion of the node of 
Venus is 

aJ sin ? I) t iV = 0"25 

If this difference arises wholly tiom the orioi of the theory, 
then between the transits <>( 1874 and 2004 the accumulated 
erroi would amount to O'* 32 m the lielioeenti ic latitude, and 
about 0" 8 in the gooccntiu latitude Unless an impiovoment 
is made in the method of determining the position ot Venus 
by observation, the* twentieth c entm y must appioaeh its end 
befoto this differoin e < mi hex detec ted 

Buuinq of futme determinations on the question 

8(1 The following shows the liiffuence which subsequent 
determinations ot the principal elements will ha\e upon our 
judgment as to the solution ot the dilemma The changes in 
the second column will, by emphasi/mg the discordance 
between the lesults, tend to confum the hypothesis ot an 
abnoimal detect m the t booty, while the opposite ones, m the 
last column, will tend to reconcile theoiyand observation 
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Element or quantity 

Change tending to 
confiim the dis- 
cordance 
between theoiy 
and observation 

Change tending to 
reconcile exist- 
ing theory with 
observation 

The solar parallax 

Inn ease 

Diminution 

Longitude of the node of Mercury 

Increase 

Diminution 

Longitude of the node of Venus 

Increase 

Diminution 

Constant of alienation. 

Diminution 

Inc rease 

Mass of Venus 

Im i ea se 

Diminution 

Mass of Mercury 

Diminution 

Increase. 



Increase. \ 


Among these constants are some the values of which can 
scarcely be decisively obtained except by observations con- 
tinued through half a century, or even through the whole 
twentieth century, unless improvements are made m our pres- 
ent methods of observing. 

The improvement of others, however, is quite within the 
reach of the astronomy of the present time. Among these 
the constant of aberration and the sola? parallax have the 
firsi place. , The more accurate determination of these quanti- 
ties ah rmportan.ee which may justify some sug- 

gestions on the subject* 

The observations made on the European continent for the 
detection and study of the variations of latitude have been 
e^ebhted with such precision that we might look to them for a 
marked improvement in the determination of the constant of 
aberration, were it not for a single circumstance. In the gen- 
eral average few are made after midnight, while the maxima 
and minima of aberration occur in the morning and evening. 
The extension of the system into the early morning therefore 
seems desirable. Although these observations may scarcely 
equal in accuracy those made by Nyr&n, with the prime 
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vertical tiansit, they have the advantage of not i ccpm mg so 
long a period, for <t complete observation The gieit clisacl 
vantage of the prime Mutual instrument is that unless <i stai 
culminates within i lew minutes of the /(tilth, an hom oi 
even sever il liouis, will be lequned foi the (ompletion of a 
deteimination, which m ty thus lu made impossible by tho 
ad vc lit ol d lyhght It may be lcmiikul m this connection 
thitllu noi the m latiluclc s ol tin lOutopc in obseiv atones are 
fa\ oi ible to t lie detei mi nation ol the .tin 1 1 it ion < oust ml 

Loi \v v’s method has m c i all otlieis the gieit ulvuntage ol 
being independent ol the directum ot the \eitioal But its 
application, and the reduction of the* observations made with 
it, aie laborious in a high degree 

Ho fai as practical astronomy has -yet developed, the best 
method of elnee tly measming planet aiy parallax, and thoie 
foie the only one to be c onsiclc led, is that ol (!n i It there 
foie seems ele suable that meismes by this method should be 
continued At, the same time if is vei\ neeessaiy that the 
spectiaof the small planets to be used should be eaielully 
studied photometrically, and that, the piobable influence of 
coloration upon the measures should be investigated 

The necessity of completing the piosent work, and of pro 
ceednig immediately to the construction ol tables founded 
upon the adopted elements, prevent the authors awaiting the 
mature pulgment of astronomers upon the embarrassing cjues 
turns thus laisod The regret with which ho accepts this 
necessity is weakened by the consideration that even if the 
solai parallax which be Inis adopted leipuics (lie hugest coi 
rection to which it c an i easnnably be supposed subject, namely, 
one of —0" Old, lecluc mg tho value of this constant to 8" 775, 
the c llec t of f lie ei ioi will not be prejudicial to the astronomy 
ot the immediate future 

More important will be the etror 0"<>,{5 m the constant of 
aberration "Vet a long continued senes of obsei vations will 
be necessary to establish even the existence of such an error, 
and should it prove detrimental m any astronomical- work the 
evil will bo easily leineched by a slight correction. 

5690 N ai M 12 



CHAPTER IX. 

DERIVATION OF RESULTS. 

Ulterior corrections to the motions of the perihelion and mean 
longitude of Mercury. 

87. In §§32 and 46 we have reached three values of the 
correction to the tabular motion of the perihelion of Mercury. 
Of these the first rests on meridian observations alone, the 
second on the combination of meridian observations with trans- 
its, and the third is derived by substituting in the eliminating 
equations the corrections to the solar elements find their secular 
variations which result from observations. The three values 
thus, readied- a*e ~—.9''4% ' r*l/',OI.,a»!d The $>ro- 

gresdv^ fttv^geiice of these values, taken in conneetibii' with 
the discrepancy pointed out in §33, leads us to distrust the 
influence of the meridian observations upon the motion of the 
perihelion. Under these circumstances I deem it advisable to 
make such final corrections to the motions in mean longitude 
and mean anomaly as will best satisfy all the observed transits 
over the disk of the Sun. In doing this I am enabled to intro- 
duce the results of a preliminary discussion of the transits of 
1891 and 1894. By combining the observations of these two 
transits with those of the older ones I derive the following 
Values of the functions Y and W defined m § 31 : 


// ir 

Y = — 1.93 — 3.03 T 
W= + 1.50 + 2.04 T 

luminary theory, so far as yet investigated, gives for 
the vaH®5 of this quantity, 


IJ 1 




ft* 


// 


^ 'Y'= 3.40 T ,,, 
W= •+ 1.38 4- 1.36 T 
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Equating these values to the corresponding lineal functions 
of the conections to Z, 7r, and their secular motions, we have 
the equations, 

// // 

0 72 61 + 0 28 dn = + 0 12 + 0 08 T 
+ 1 49 - 0 49 = + 0 51 + 0 37 T 

We find, from these equations, 

// 

SI = +026 + 0 SOT 
Sir = - 0 24 + 0 67 T 

The preliminary values to wlucli these corrections are appli 
cable are 

// // 

SI = + 0 04 — • 1 33 T 
Sit = + 5 83 + 0 34T 

The definitive values thus become 

// // 

SI = + 0 30 — 0 77 T 
Sn = + 559 + 7 31 T 

Definitive elements of thefoui inner planets for the epoch 1 S 50 , as 
inferred from all the data oj ohsu cation 

88 We have made a fourth solution of the normal equations 
which give the corrections to the elements of each planet by 
substituting in those equations the definitive values of all the 
other quantities, including the values of the secului variations 
dem ed from theory In making this substitution foi M enemy, 
however, the ulterior corrections prst found were not applied 
The values of the unknowns resulting lrorn this solution are 
shown m the fust column of the next table From these 
numbers <ue derived the definitive elements for 1850, by the 
following processes 

(a ) By multiplying the unknowns by the appropriate factor 
given in §27, we have the corrections of the tabular elements 
at the mid epoch of observations for eac li planet These cor 
rections are found in the second column 

(P ) The pieceding conections aie to be reduced from the 
respective mid epochs to 1850 This i eduction is found by 
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multiplying the definitive correction to the tabular secular 
variation by the elapsed interval, and is shown in the third 
column. 

(y) We next have the value of the tabular elements for the 
fundamental epoch 1850, January 0, Greenwich mean noon. 
These numbers are those of Leverrier’s tables, with the 
following modifications: 

(d) The reduction from 1850, January 1, Paris noon, to 
January 0, Greenwich noon 

(e) The corrections to Leverrier’s values of the eccen- 
tricity and perihelion which are necessary to represent those 
terms m the perturbations of the mean longitude which depend 
only upon the sine and cosine of the mean anomaly. The 
theory is more symmetrical in form when all such terms are 
included with those of the elliptic motion. In Le verrier’S 
tables they have the following values: 

i i 1 ' (I i |j , , 1 1 < i "*&**#•, * **■' i * ,* <’ > '-•*< ■* 

* ( * f 1 • V f 11 // '■ '' // 1 * 1 

Mercury; d^ = + 0.030 sin l — 0.111 cos l 
Venus; +0.010 +0.037 

Earth; - 0.067 -0.098 

Mars; +1.061 +0.718 

These terms of the longitude may be represented by the follow- 
ing corrections to the elements: 


// // 

Mercury; 6e = + 0.058 dn -= 0.0 

Venus; — 0.012 + 2.3 

Earth; +0.054 + 1.4 

Mars; + 0.613 — 1.0 


Applying these corrections d and € to Leverrier’s tabular 
quantity we have the values of the tabular elements as given 
in the fpurth column. Then applying the preceding correc- 
tions we have the definitive values given in the last column. 

In some cases this' derivation is modified. Instead of using 
the correction to the perihelion, mean longitude and mean 
motion of Mercury given by the unknown quantities of the 
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equations, we have used the values foi 1850 derived -from the 
discussion of the preceding section 
The quantities which give the position of the node and 
inclination have been heated m the same way as then secular 
variations The symbols el and N indicate values of the 
unknown quantities i elated to the coirutions of the elements 
J and N *These unknowns aie the n c hanged to c on emotions of 
the elements by the factors of ^27, md these again to <<niec 
tion of the me 1 illation and node b\ the equations of ^ 11 

In the case of the node ol Venus two v dues aie given The 
vilue(o) is th it which follows immediately fiom the noimal 
equations If we carry foi ward the position of the node )ust 
derived to the mean epoch of the last two transits of Venus, 
we tmd a discrepancy amounting to 2" 01 in the longitude, 
corresponding to a difleience of 0" 121 in the helnx entile lati 
tude This is considerably laigei than tin* pi obable error of 
theiosultsol the observations of thetiansits It liny , thoie 
foie, be (piestioned whethu the latte i aie not entitled to a 
greater relative weight than that assigned, owing to the prob 
able systematic errors of the meridian observations A second 
value (h) has therefore been derived from the observations of 
the transits alone In subsequent investigations we may 
choose between these two values 

Formation of defimtm dements oj the font inmr planets, fm thd 
epoch lb50 ? January 0 , Greenwich mean noon 


i/m m\f 



Unknown of 
equations 

Con ol 
element 

Rod to 
1850 

Tabular 

element 

Concluded 

element 

n 

— . 

0940 

— 

// 

0 77 

// 

00 

ff 

r>38 100 054 40 

r/ 

5 <8 100 053 72 

6 

— 

0741 

— 

0 222 

- 0 005 

42 400 088 

12 108 861 

7t 

+ 

0703 

•4- 

5 r ><) 

0 

75 7 1378 

75 7 10 37 

l 

— 

0402 

+ 

0 50 

0 

<23 11 23 53 

323 11 23 83 

% 

— 

2702 J 

— 

0 01 

- 0 07 

7 0 7 71 

7 0 700 

e 

— 

0001 N + 

<88 

- 0 27 

40 33 8 03 

40 33 12 24 
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Formation of definitive elements , etc. — Continued. 

Terms . 


Unknown of 

Corr of 

Red. to 


Tabular 

Concluded 


equations. 

element. 

1850. 

element. 

element. 



// 

// 



// 



// 

n 

- .1783 

- 3.57 

0 

210 669 165.04 

210 669161.47 

e 

+ .1463 

+ 0.439 

- 0.165 

1 411.522 


1 411.796 

7t 

+ .0835 

+ 36.6 

-16.4 

129 

27 

u 

14.3 

129 

27 

34.5 

l 

- .1330 

- 0.67 

+ 0.46 

243 

57 

44.34 

243 

57 

44.13 

i 

+ .0968 J + 0.31 

+ 0.12 

3 

23 

34.83 

3 

23 

35.26 

0(a)+ .0126 N 

- 9.39 

+ 6.63 

75 

19 

52.21 

75 

19 

49.45 

d(b) 

- 20.36 

+15.56 




75 

19 

47.41 




Farth . 








// 




// 



// 

n 


- 1.10 


129 602 767.84 

129 602 766.74 

e 


+ 0.12 



3 459.334 


3 459.454 

7t 

. 1 

— 2.4 


' * 

100 

21 

1 ^ rtf ' 1 1 i 

43.4 

•* ‘O 

100 

* 

21 

v Hr* 

41.0 

€ 


— 0.15 


23 

27 

31.83 

23 

27 

31.68 

l 


+ 0.02 


99 

48 

18.72 

99 

48 

18.74 




Mars. 








// 




// 



// 

n 

- .1091 

- 0.88 

0 

68 910 105.38 

68 910 104.50 

e 

- .1088 

- 0.155 + 0.058 


19 237.101 


19 237.004 

7t 

+ .1663 

+ 2.38 

+ 0.02 

333 

17 

52.47 

333 

17 

54.87 

l 

- .4029 

-0.81 

+ 0.05 

83 

9 

16.92 

83 

9 

16.16 

i 

- ,0507 J + 0.18 

- 0.01 

1 

51 

2.28 

1 

51 

2.45 

e 

' + .1135 N + 6.56 . 

+ 1.34 

48 

23 

53.02 

48 

24 

0.92 


Definitive values : of the secular variations. 

89. The definitive values of the secular variations, as inferred 
froyn the adopted theories and the concluded values of the 
are shown in the following table, which gives in detail 
the parts, of which each quantity is made up. 

The first four lines of the table give the values of the secular 
variations as th$y ftbm the investigations found in Yol. 
Y* Part IY ? of the Astronomical Paper$ f after correcting the 
mass of each planet by its appropriate factor. 

The motion of the perihelion first given, denoted by D t 
is measured along the plane of the orbit itself. The numbers 
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lv ^rt being divided by the corresponding values of the eccen 
uifcy we p ave motion o± the perihelion itself along the 
lane. The symbols t 0 and 0 Q represent the inclinations and 
w git3xxd.es of the nodes referred at each epoch to the ecliptic 
nd equinox of 1850, regarded as fixed The motions of these 
l<‘*noxits are next to be leferred to the fixed ecliptic of the 
ate So refeired, they aie designated as D? % and DJ 6 The 
ans formations to the latter quantities are made by comput 
ig sxxx approximate value of the motion of the node due to 
1,0 ^xotxon of the ecliptic alone along the plane of the orbit 
ugarded as fixed 
If we put 

bi file inclination of the fixed orbit of the planet at any epoch 
T 0 to the moving ecliptic at any time, 
fixe longitude of the corresponding node, Q 1? 

1 1 file distance from the node to the instantaneous rota 
tion axis of the oibit at the epoch T 0 , 

r® sliall have 


D t v — k" cosec i] sin (L" — di) (a) 

If we compute v 0 and h from the equations 
k sm v 0 = sin fy) D? 8 a 

H COS Vo = DJ 

nd f Ixen find Av by integrating the value ( a ) of D t v from 1850 
> the date we shall have 

sm % DJ 6 = u sm (v 0 4- Av) 

DJ ^ 5= u cos (v 0 + Alv) 

'lie olxange of T> t v between 1850 and the extreme epochs has 
mn found so nearly uniform that it was sufficient to multiply 
,g value at the mid epoch (1675 or 1975) by 2 5 to obtain Av 
Tftojcty we have the changes m ^ and 6 due to the motion of the 
chpfio, represented by D\% and D; 6, and computed by the 
>rmxxla 

DJ % = — n u cos ( v 11 — 6) 

k" cos ^ sm (y n — 6) 
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The planetary precession due to the motion of the ecliptic is 
here omitted, to be afterwards included in the general preces- 
sion. The sum of the two motions gives the actual variation 
at each epoch, referred to a fixed equinox. 

The motion of 6 itself thus found is increased by the general 
precession, which gives the motion of 0 at each epoch. 

The motion of the perihelion to be actually used in the tables 
is equal to the motion of the node from the mean equinox, plus 
the increase of the arc of the orbit between the node and 
perihelion. The adopted value of this quantity is found by 
increasing the motion of 7t\ by the following quantities : 

1. The change due to the motion of the plane of the orbit. 

2 . The change due to the motion of the ecliptic. 

The formulae for these two quantities are 

(1) ; D t n = tan J i«sm£D; d 

(2) ; <^I>t 7t = h" tan sin (L" — 6) < 

/ ' / t "”. 1 < - ' ,l " / * *; u I,.' ‘ J 

3. The excess of motion shown by observations in the case 

of Mercury and Mars, and computed for all four planets as if 
they gravitated toward the Sun with a force proportional to 
r~ n where 


n = 2.000 00016120 
The values of this correction are 


^ Mercury,* D t n — 43.37 

n ^ Venus; 16.98 

' ' " ^ 4 f Vv *' ,,v Barth \ 10.45 

Ma \ 5.55 

4. The general precession. 

case of the Earth, .the motion arising from the 
Coon, of which the amount is 

But the 


: in this case. 

The preceding transfer secular variations are 

made with the original values of the elements e and i, as given 
in Astronomical Papers, V ol. V, Part IV, pp. 337, 338. 
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Hernlai variations of the d< mints of the font orbits at the three 
epochs, loot), lb to, and 3 WO, as inferred from the definitively 
adojrUd massis 

Met <my 




1WK) 


IS >0 


2100 



// 


// 


// 


+ 

4 257 

+ 

1 227 

+ 

4 100 

< l>t T, 

4* 

100 724 

4“ 

100 408 

+ 

100 177 

i >;■/.. 

— 

21 7M 

— 

21 70S 

— 

21 771 

am i„ d;w„ 

— 

7 4 SOI 

— 

74 000 

— 

55 040 

l)'*t 

— 

21 780 

— 

21 768 

— 

21347 

am i D 18 


54 813 

— 

54 009 

— 

57 140 

I>{« 

+ 

US 88 4 

+ 

28 4 4 4 

+ 

27 787 

am i 1)| f> 

— 

47 1% 

— 

47 507 

— 

37 707 

i>, ( 

+ 

7 008 

+ 

0 707 

+ 

0 4 5<S 

sm i 1 >, d 

- 

02 000 

— 

02 400 

— 

02 727 

J I) t n 

— 

1 06 

— 

1 00 

— 

1 00 

T)( 7C 


mm 4i 


5508 70 


5604 02 

l\fi 


4262 08 

p 

4200 12 


4209 24 




Venutt 






// 


n 


// 

I), c 

— 

0 070 

— 

0 866 

— 

0 772 


+ 

0 384 

+ 

0 210 

+* 

0 000 

1>?»0 

— 

2 484 

— • 

4 071 

— 

3 050 

sin i 0 L)“ fi<, 

— 

50 005 

- 

70 1 12 

- 

70 220 

IK'i 

— 

MHO 

— 

4 071 

_ 

4 091 

sm > i y;d 

— 

58 078 

— 

50 112 

— 

50 260 


+ 

6 600 

+ 

6 605 

+ 

0 607 

sin t I)J H 

— 

46 758 

— 

1(5 582 

— 

40 413 

T>t* 

+ 

3 641 

+ 

4 621 

+ 

3 000 

Kill l I) t fi 

— 

105 7 46 

— 

107 604 

— 

107 073 

JDtir 

— 

0 40 

— 

0 47 

— 

0 38 

I), 7T 


7000 07 


5072 44 


5054 02 

\\d 


32*40 30 


3237 08 


3245 22 
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Secular variations of the elements of the four orbits, etc.— Contfd. 


Earth. 



1600. 

1850. 

2100. 


// 

// 

// 

D t e" 

- 8.467 

- 8.595 

- 8.727 

e n Ty t 7z" 

+ 19.293 

+ 19.210 

+ 19.139 

D t 7 1" 

6179.58 

6187.41 

6195.68 

% u sm Li' 

+ 4.370 

+ 5.341 

+ 6.305 

U n cos Li' 

_ 47.113 

- 46.838 

- 46.550 

log n u 

1.67500 

1.67340 

1.67187 

Lo 

1740 42'.04 

173° 29'. 68 

172° 17'. 18 

L" 

171° 12 '.83 

173° 29'.68 

175° 46'. 62 

Po 

5034.91 

5036.13 

5037.36 

X. u 

V 

5018.28 

5023.82 

5029.38 

X 

D t £ 

_ 46.761 

_ 46.838 

- 46.847 


Mars. 

// 

+ 18.623 

D t e 

// 

+ 18.775 

// 

+ 18.706 

eD t 7t\ 

+ 148.633 . 

+ 148.707 

+ 148.762 

DJ to 

- 28.994 

_ 29.396 

_ 29.803 

sin t 0 D® d Q 

_ 34.023 

_ 34.012 

- 34.017 

D \i 

_ 29.482 

- 29.396 

- 29.309 

sin iT>\8 

- 33.605 

- 34.012 

_ 34.445 

D \i 

+ 26.964 

+ 27.104 

+ 27.245 

sin i DJ 0 

_ 38.860 

_ 38.551 

- 38.247 

D t t 

' - 2.518 

_ 2.292 

_ 2.064 

sin i D t 6 

_ 72.465 

_ 72.563 

- 72.692 

4 D t ?t 

+ 0.08 

+ 0.07 

+ 0.06 

Dt rt 

6621.51 

6623.96 

6620.25 

D t 6 

2776.39 

2776.87 

2770.03 


Secular acceleration of the mean motions . 

90. The mean motions of the planets, like that of the Moon, are 
subject to a secular acceleration arising from the secular vari- 
ations of the elements of the orbits. The following formula', 
for this acceleration are formed by differentiating the known 
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expressions for the variation of the longitude of the epoch m 
the theoiy of the vanation of elements The notation is that 
of Astronomical Papers , Vol V, Part IV 
We compute foi the action of an outei on an inner planet 

A = D 

B = \ (D - D 2 - 2 D 3 ) c 1 ?’ 

O 

c =1(D 3 + D 3 )c ( ? ) 

4 : 

W= *(2-9D + 3D 2 + 4D 3 ) c'!> 

O 

Then 

D* t l 0 = m' an D t j A o 2 + Be 2 — Ge n + Wee ' cos (n — n')\ 

Foi the action of an inner on an outei planet we compute 
A' = — (1 + D )6<y 
B' = | (D + 2 D 2 + D 3 ) e ( ?' 

0/ = g(3D + 5D 2 + 2D 3 )c<?> 

W' = hlO + 3D - 9 D 2 - 4 D 3 )c‘!> 

o 

D? l Q = mu' D t j A' g 2 + B'e 2 + G'e 12 +W / ec / cos (7t — n f )) 

The symbol D fc indicates the secular variation of the expres 
sion following it produced by the action of all the planets The 
unit of time must be the same one m which n is expressed 
The following table gives the results of this computation 

Secular change of the centennial mean motions 


Action of— 

Mercury 

Venus 

Earth 

Mars 


// 

// 

// 

// 

Venus, 

-0 0426 


- 0 0104 

+ 0 0010 

Eaith, 

-0 0029 

+ 0 0128 


+ 0 0119 

Mars, 

+ 0 0003 

- 0 0001 

- 0 0012 


Jupiter, 

- 0 0039 

-0 0046 

- 0 0308 

+ 0 0004 

Saturn, 

- 0 0004 

+ 0 0015 

+ 0 00&L 

'+0 0036 

Total, 

-0 0495 

+ o 0096 

-0 0403 

+ 0 0169 
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The measure of time . 

91. The fictitious mean Sun whose transit over any meridian 
defines the moment of mean noon on that meridian is a point 
on the celestial sphere having a uniform sidereal motion in the 
plane of the Earth’s equator, and a Eight Ascension as nearly 
as may be equal to the Sun’s mean longitude. If we put ja for 
this uniform sidereal motion and add to jx the precession of the 
equinox in Eight Ascension we have for the mean Eight Ascen- 
sion of this fictitious mean Sun 

r = r 0 + ju T + 4606 // .36 T + 1"394 T 2 

Erom §§ 88, 90, and 100 the expression for the Sun’s mean 
longitude, affected by aberration, is found to be 

L = 279° 47 x 58"2 + 129602766 // .74 T + E',089 T 2 

Equalizing the coefficients of T we find, for the mean Eight 
Ascension of the fictitious mean Sun 

r = 279° 47 7 5S".2 + 129G02766 // .74 T + 1"394 T 2 

This differs from the mean longitude of the actual Sun by the 
quantity 

r - L =. 0 // .305 T 3 = 0 S .020 T 2 

This difference is of no importance m the astronomy of our 
time, but may result in an error of 2 s in the course of one thou- 
sand years in the measurement of time by the actual mean 
sun. ' We must leave to the astronomers of the future the 
question how best to meet the question thus arising. Chang- 
ing to time the expression for r, the difference or mean excess 
of sidereal over mean time for the meridian of Greenwich 
becomes 

r = 18 h 39 m 11 s . 880 + 24 h 0 m 1 8 .84449 t + 0 S .0929 T 2 

t being time in Julian years after 1850, January 0, Greenwich 
mean noon. 

Constant of aberration . 

92. We first investigate certain fundamental constants con- 
nected with the motion of the Sun, Earth, and Moon, on which 
the precession and nutation depend. 
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From, the adopted value ot the solai parallax, 
n = 8" 790, 

and the adopted velocity of light m kilometeis per second, 

V = 299 800, 

follows for the constant of abenation the value 

A = 20" 501 

But if we accept the mean lesult of the solutions of § 83 as 
giving the most likely value of tlie solai parallax, we shall 
have 

n = 8" 7854 

Then § 73 will give 

A = 20" 511 

as the adjusted value of the constant of abenation 
Mass of the Moon . 

93 By means ot the equation of § 71 between the lunar 
inequality P in the motion of the Eaitli and the mass of the 
Moon >* 

/dP = [1 78207] n 

we may find a fiesh value ot the Moon’s mass from the values 
of 7t and P 

We have found from observation 

P = 0" 405 A 015 

Thus follows, for the mass of the Moon, when 7 r = 8" 790, 

M = 1 81 32 ± 0 20 

Combining this with the value found from the constant of 
nutation, 

M = 1 81 58 ± 0 20 

we have, as the definitive mass of the Moon, 


M = 1 81 45 ± 0 15 
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Parallactic inequality of the Moon. 

94. From the transformation of Hansen’s lunar theory in 
Astronomical Papers, Vol. I, it may be concluded that the solar 
parallax and the parallactic inequality are connected by the 
relation 

P. I. = [1.16242] t r 

= [1.15176] 7r 

Hence we have, for the coefficient of the parallactic inequality 
of the Moon, corresponding to n — 8".790, 

124". 66 

Here the inequality is that in ecliptic longitude. 

The centimeter -second system of units. 

95. There are certain methods in physics by which the next 
step in the course of our researches will be guided. The adop- 
tion of a system of absolute units has simplified the methods 
and conceptions of physics to such an extent that we may 
find it advantageous to introduce a similar system into those 
investigations of astronomy which are closely connected with 
that science. 

The fundamental units most widely adopted are the centi- 
meter as the unit of length, the gram as the unit of mass, 
and the second as the unit of time. There is, however, an 
insuperable difficulty in the way of introducing the gram, 
or any other arbitrary terrestrial unit of mass, into astronomy, 
from the fact that the astronomical masses with which we are 
concerned can not be determined with sufficient precision in 
units of terrestrial mass. It is, therefore, quite common in 
celestial mechanics to regard the unit of mass as arbitrary, 
and to multiply this arbitrary unit by a factor which will 
represent its attractive force upon a unit particle at unit dis- 
tance. The introduction of this factor is, however, needless. 
It is simpler to adopt the course of Delaunay and many other 
writers, and regard the unit of mass as a derived one, based 
on the units of time and length, by defining it as that mass 
which will attract an equal mass at unit distance with force 
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unity In this definition the unit of force retains its physical 
meaning, as that force which, acting on unit mass, will pro 
duce a unit of acceleration m a unit of time 

The number of fundamental units is then reduced to two, 
those of time and length, and the unit mass becomes a derived 
one of dimensions, 

M = L 3 T 2 

The centimeter as a unit of length would be inconveniently 
small foi astronomical pui poses, if we had to deal mainly with 
natuial numbers, but it causes no inconvenience m loganth 
mic computations, and has the advantage of being assimilated 
directly to the centimeter gram second system m physics 
We shall therefore adopt it, expressing our results, however, 
m terms of other units whenevei com enience will thereby be 
gained 

I shall make clear this assimilation and the use of the unit 
of mass as a denved one, by calling this the centimeter 
second system 

In the latter the definitions of units m the centimeter 
gram second system will remain unchanged, except that the 
derived unit of mass must be substituted for the gram The 
dimensions of units m the ccntimetei second system will be 
found by making the above substitution for M m the expres 
sions for those of the centimetei giam second system 

Masses of the Earth and Moon %n centimeter second vmtn 

96 A fundamental quantity in the centimeter second system 
is the mass of the Earth This mass will be by definition the 
force of gravity of the Earth, if concentiated in a point at the 
distance of one centimeter Weie the Earth a sphei e of known 
dimensions, it could be readily determined through the force 
of gravity at any point on its surface This being not the case, 
we shall proceed on the accepted approximate theory that the 
geoid is an ellipsoid of revolution, and that the force of gravity 
at a point the sine of whose latitude is 1 ^3, is the same as 

if the mass of the Earth were concentrated m its center 

The determination of this constant with astronomical preci 
sion is a difficult and we might say hitheito an insoluble prob 
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lem, owing to the heterogeneity of the Earth and the absence 
of determinations of the force of gravity over the surface of the 
ocean. Although the limits of uncertainty thus arising can 
not be set with any approach to precision, I do not think they 
are such as to greatly impair the astronomical results which 
are to be derived from them. Investigations in geodesy not 
being practicable in the present work, I have, mainly from a 
study of the work of G. W. Hill,* assumed for the length of 
the seconds pendulum at the point the sine of whose latitude 
is 1 : V3~ which I shall call the mean latitude, 


Lj = 99.2715 


With this we may compare Helmert’s expression for the 
length of the seconds pendulum in terms of the latitude 



From these values of Li we have: 


Hill. 

Gravity at mean latitude, 979.770 

Correction for centrifugal force, 2.260 

Attraction of the Earth, 982.030 


Helmert. 

979.745 

2.260 

982.005 


I also accept as the result of Ol arke’s investigation of 1880, 

Equatoriai'^ffii^of the Earth, 6378249 m 
Eeduction to mean latitude, 7245 

Mean radius of the Earth, 6371004 

From Hill’s and Helmert’s numbers follows : 

Logarithm mass of Mtirrih expressed in centimeter- second units . 

Hill. Helmert. 

20.600541. 20:600530. 

* Astranmmcal Papers, Vol. Ill, p. 339. 
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From the adopted ratio of the mass of the Moon to that of the 
Earth 

yU = 1 8145 

follows 

Logarithm of the mass of the Moon m centimeter second units , 

18 68965 


Parallax of the Moon 

97 From these results the distance of the Moon and the 
relation between the mass and distance of the sun follow m a 
veiy simple way By the formulae of elliptic motion it follows 
that when we put 

the masses of any two bodies revolving around each 
other m virtue of their mutual gravitation, 
a, the semimajor axis of the relative orbit, which would 
be the actual distance if the motion were circular, 
n i their mean angular motion m unit of time, 

we have the relation 


a 3 n y = m + m f 

This relation is ngorous and independent of the adopted units 
of length and time, provided we defane the unit of mass in the 
way already done It follows that if the Moon in its revolu 
tion around the Earth were not subiect to disturbance, its mean 
motion in one second, and its distance expi essed in centimeters, 
would be connected by the 1 elation ’ 

Log o' n? == log m" ( 1 + fl) — 20 605841 

In the theories of Delaunay and Adams the quantity a, as 
determined by this equation, is accepted as a fundamental 
element, and it is shown that in consequence of the perturba 
tions produced by the Sun the constant 77 0 of the Moon’s hor- 
izontal parallax is connected with a by the relation 

a sm IJ 0 = 1 000907 p 

p being the radius of the Eaith corresponding to II , o 
5690 N ALM 13 
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From the mean sidereal motion of the Moon in a Julian 
century 

1836 . 85136 revolutions 

we find, for the co-logarithm .of the motion in arc in one 
second 


wl= 5.574841 
& n 


and thus have for the undisturbed mean distance of the Moon 
in centimeters 


log a = 10.585174 


and hence 

log sin Ho = 8.219921 

Red. to sine, — .16 
Constant of sm tc in arc, 57 2.52 


Using Helmert’s length of the seconds pendulum we 
should have found for this constant 

3422 // .55 


Mass and parallax of the Sun. 

In the case of the motion of the center of gravity of the 
Earth and Moon around the Sun the relation of § 97 becomes 

a /3 n n = Mj + m " (1 + p) 

mass of the Sun. Replacing a' by zr, the parallax 
the radius of the Earth, we find for the 
iuth?M of mass of the Sun to the sum of the masses of the 

Barth and Moon f v"V' t $, _ , * 

i [ t i \t * .i ,l ,' L ' 1 '■'A i , 1 

'' V: ; ' ' M _ ■ ; y 

1 . / m," (1 /Ifsini 3 7T 

, ,, ' ’ log:M A=-&a49674 
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The values of M corresponding to certain values of the mean 
equatorial horizontal parallax of the Sun are as follows 


n 

M 

// 

8 780 

330514 

8 785 

329951 

8 790 

329388 

8 795 

328827 

8 800 

328266 


Nutation and mechanical ellipticity of the Earth 

99 Regarding the mass of the Moon as known, we now^ 
utilize the equations of § 67 to obtain the constant of nutation 
and the mechanical ellipticity of the Earth The last two of 
these equations give, for the absolute pieeessional constant, 
when the J ulian year is the unit of time, 

P = [[5 975052] + 5310" o] ° ~ A 

We have found, m § 66, for a Julian year 

p = 54" 8990 

We then have, foi the mechanical ellipticity of the Earth, 

C — “A = 0 0032753 

We also have, from the hist equation ot $ 66, for the constant 
of nutation for 1850 


MT == 9" 214 


For the parts of the pieeessional constant which arise from 
the action of the Sun and of the Moon, respectively, we have — 


17 3919 
37 5071 


Action of the Sun 
Action of the Moon 
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Precession. 

100. In order to develop the terms of the precession and 
obliquity to higher powers of the time, I have extended their 
computation one step backward and forward from the three 
fundamental epochs, by extrapolation of x and L. The results 
are as follows : 

Motion of the ecliptic and equator. 


Year. 

log. * 

L 

Dt$ 

n 



O / , 

// 

// 

1350 

1.67666 

168 56.13 

- 46.613 

2009.05 

1600 

1.67500 

171 12.84 

- 46.761 

2006.92 

1850 

1.67340 

173 29.68 

- 46.838 

2004.79 

2100 

1.67187 

175 46.63 

- 46.847 

2002.66 

2350 

1.67039 

178 3.50 

- 46.789 

2000.52 


Centennial precessions for tropical centwies. 



In longitude — 


In Right 

Year. 

Lumsolar 

Planetary. 

Genei al 

Ascension. 


// 

// 

// 

// 

1350 

5033.58 

- 20.94 

5012.64 

4592.41 

1600 

5034.80 

- 16.63 

5018.17 

4599.38 

1850 

5036.02 

- 12.31 

5023.71 

4606.36 

2100 

5037.25 

- 7.98 

5029.27 

4613.35 

2350 

5038.49 

- 3.67 

5034.82 

4620.32 


From these values we have the following general expres- 
sions : 


Annual precession in Eight Ascension; 
.Annual precession in longitude; 
Centennial precession in longitude; 
Total precession from 1850 ; 


// // 

4C.0636 + 0.0279 T 
50.2371 + 0.0222 T 
5023.71 + 2.218 T 

5023.71 T + 1.109 T 2 


Mean obliquity of the ecliptic. 


101. The expression for the mean obliquity when T is counted 
from 1900 is— 


e = 23° 27' 8".26 - 46".845T - 0".0059 T 2 + 0" 00181 T 3 
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Tables of the mean obliquity at different epochs 


Year 

Obliquity 


° / // 

1600 

23 29 28 09 

1650 

29 5 31 

1700 

28 41 91 

1750 

28 18 51 

1800 

27 55 10 

1850 

27 31 68 

1900 

27 8 26 

1950 

26 44 84 

2000 

26 21 41 

2050 

25 57 98 

2100 

23 25 34 56 


Year Obliquity 


O / // 


— 

2500 

23 

58 

44 

00 

— 

2000 


55 

38 

99 


J500 


52 

23 

10 

— 

1000 


48 

57 

70 

— 

500 


45 

24 

14 


0 


41 

43 

78 

+ 

500 


37 

57 

97 


1000 


34 

8 

07 


1500 


30 

15 

43 


2000 


26 

21 

41 


2500 

23 

22 

27 

37 


Relative positions of the equator and ecliptic at different dates 

102 The motions e\piessed m the piecedmg tables are, foi 
the most part, purely instantaneous ones, lefeired to the planes 
of the ecliptic and equatoi of each separate epoch For the 
reduction of the places of the fixed stars fiom one epoch to 
another, it is necessary to know the relative position of the 
planes of the equator or ecliptic at the two epochs We shall 
theiefore derive the fundamental quantities which express 
the position of the equatoi and the ecliptic at any one epoch 
relatively to their positions at a fundamental epoch taken at 
pleasuie The lattei we shall call zero position Then, the 
zero equator and ecliptic aie those of the fundamental epoch , 
the equator and ecliptic simply those of any othei varying 
epoch So fai as convenient, and as conducive to ease m 
comparing our results with former ones, we shall use the nota 
tion of Bessel 

To derive the equations foi the motions, let us consider the 
following four points of the celestial spheie 

Ed, the pole of the zero ecliptic 
E, the pole of the actual ecliptic 
P 0 , the pole of the zero equator 
P, the pole of the actual equator 
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We put, 

€\ = PE 0 , the obliquity of the equator to the zero ecliptic; 
k = EE 0 , the inclination of the two ecliptics; 

JJ 0? the longitude of the node of the ecliptic on the zero 
ecliptic, measured from the zero equinox of the date; 
ill, the longitude of the same node, measured from the actual 
equinox ; 

A, the arc of the equator intercepted between the two eclip- 
tics, or the planetary precession on the equator ; 
the total lunisolar precession on the zero ecliptic from 
the zero epoch to the actual epoch; 

.w, the rate of motion of the pole of the equator; 
r, the time, expressed in units of 250 years from the zero 
epoch to any other epoch. 

The position of the variable point E is defined by the quan- 
tities k and il 0 or U h which are themselves to be determined 
through - ' 1 

Thrposition of tile variable point F is determined by the 
condition that its motion is constantly at right angles to the 
arc EP, and its velocity measured on the arc of a great circle 
is given by the equation 


The positions of the equator and equinox relative to the 
zero equator and ecliptic are then determined by the quanti- 
ties tp and A. The spherical triangle PB 0 E gives the follow- 
ing equations: . r 

sin 1 _ sin Hi __ sin IJ 0 
sin k ~ sin e t ~ sin £ 

Dhfirig a period of several centuries the quantities k and X are 
so small that no distinction is necessary between them and 
their sines. We may therefore put 

<r 

A. = k sin Zr t cosec £i = k sin il 0 cosec s (b) 

We also have, from the law of motion of the pole of the 
equator, 

D t = n sin A 

D t ^ = n cos A eosec ' 
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102] 

As tlie value of e x does not change by 0" 6 from one epoch to 
another, we may, without appieciable enor, use s 0 foi m the 
formulae (b) and (c) To use these equations, we first obtain A 
and 77] from the secular motion of the ecliptic, while n is com 
puted for any epoch from the foimula (a) We then easily 
develop the values of e x and ip m poweis of the time by the 
equations (c) The values of n have no leference to any 
special coordinates From the table ol § 100 it will be seen that 
we may put 

n = 2004 // 79 - 2" 13 r' 

7 ' being counted from 1850 

To find the value of ZZi m each case, we remark that the 
instantaneous values of L given m § 100 show that the mstan 
taneous node, or intersections of two consecutive ecliptics, 
moA es with so near an approach to uniformity that we may 
take for the actual node between the ecliptics of any two 
epochs T\ and r 2 the mean of the instantaneous nodes for those 
two epochs For example, let it be required to find the value 
of TIi for the node of the ecliptic of 2100 on that of 1850 We 
have 

o r 

For 2100 L = 175 46 63 

For 1850, referred to eq of 2100 L = 176 59 13 

Concluded value of Tl x n x — 176 22 9 

As the basis of our work we have computed the required 
quantities for the zero ecliptics of 1600, 1850, and 2100, 
respectively The values of k and n x for the ecliptics of two 
hundred and fifty years before and after these epochs are as 
follows 


Zero epoch 

— 250 Y 

+ 250Y 

i 

n, 

k 

n, 


// 

0 / 

// 

0 / 

1600 

— 1 18 48 

168 20 0 

-fn8 07 

174 S 9 

1850 

— 1 1 8 07 

170 36 7 

+ U 7 64 

176 22 9 

2100 

— 117 64 

172 S 3 4 

+ 117 23 

178 39 9 
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Changing the unit of time to two hundred and fifty years, 
the equations (a) (b) and (o) give the following values of the 
derivatives of Si and ip : 


D t £ D 7 1p 


Zero-epoch. 

— 250 Y 

+ 250 Y 

— 250 Y 

+ 250Y 


// 

// 

// 

r/ 

1600 

- 1.4636 

+ 0.7400 

12600.33 

12573.65 

1850 

- 1.1768 

+ 0.4527 

12603.44 

12576.65 

2100 

- 0.8898 

+ 0.1665 

12606.57 

12579.71 


At the respective epochs D-?i vanishes, and Dr if: has the 
values of the 1 uni solar precession in longitude (§ 100). 
Developing in powers of r we have- the following results: 

Zero-epoch. o / // // // 

1600; e 1 = 23 29 28.69-+ 0.5509 r* _ 0.1206 r 3 

1850; f, = 23 27 31.68 + 0.4074 - 0.1207 

2100; e, = 23 25 34.56 + 0.2641 - 0.1206 



'^S^' V'a.lqes of and ip completely fix the position of the 
equator at the time t relative to the zero ecliptic and equinox. 
For the reduction of coordinates from one epoch to another 
we must express the position of the equator at the time r. We 
•Consider the triangle P E 0 P 0 , of which the sides and opposite 
angles are designated 

Sides, « 0 fl 0 

Opposite angles, 90° — C 90° — Z\ tp 

If, in the G-aussian relations between the parts of this triangle, 
we put 

Sin i (£i - £ 0 ) = i (£i - £ 0 ) = Jz/f 
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tan \ (C + Ci) — cos ^ (fi + £q) tan ^ *p 

Ae 

tan £ (C — Ci) = 2 sm J~(Ti + e o) tan i ip 


If we develop the differences between the tangent and the 
arc we find from these equations 


C + Ci = *p cos i (*, + s 0 ) (1 + i- *P 2 sm 2 e 0 ) 


C-Ci = 


2 A s 


ip sm i (s x + So) 


(i - A (** + ^ 2 )) 


where we put z 0 for the approximate value of C — Ci 
For the inclination 0 of the mean equator of the epoch r to 
the zero equatoi, we have the equation 


sm 6 = sm f ° 

cos C 


and then, by developing m powers of 6 and ?/, we find 


it sm co 1,0 o \ 

6 = cos Z 

= ^ sm f 0 (1 + 4 C 2 ) (1 — i ip 2 cos 2 e 0 ) 


We thus find 


Zero epoch 

// 

// 

// 

1600, C + Cr 

= 11543 70 r 

-612 

r 2 + 0 57 t 3 

1850, 

11549 44 

- 6 14 

+ 0 57 

2100, 

11555 12 

-GIG 

+ 0 58 


// 

// 


1600, C — Ci 

= 45 29 r 

-9 92 

T* 

1850, 

33 53 

-9 93 


2100, 

21 70 

-9 94 



// 

/f 

// 

1600, e 

= 5017 30 r 

-2 06 

r 2 — 0 04 r 3 

1850, 

5011 97 

-2 07 

- 0 04 

2100, 

5000 04 

-2 67 

-0 05 


To show the significance of the preceding quantities, con 
sider once more the spherical quadrangle P 0 E 0 EP Let these 
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letters represent tHe positions of the poles on the celestial 
sphere at any two epochs. In this quadrangle we shall have 

Angle E 0 P 0 E = 90° — £i 
Angle E P P 0 = 90° — £ + X 
Side P 0 P = 6i 

Let S be the position of a star on the celestial sphere. Its 
polar distances at the two epochs will be P 0 S and P S and its 
Eight Ascensions will be determined by the angles P 0 and P 
of the triangle S P 0 P. 

Thus, if the Eight Ascension and Declination of S are given 
for one epoch, we can find it for the other epoch by the solu- 
tion of the triangle S P P 0 when we have given the values of 
the quantities 6, t,, and C + A . 

To find the values of these quantities from the preceding 
formula, let T be the zero-epoch, expressed in calendar years, 
and let r be the interval between the two epochs, taken posi- 
tively when the zero-epoch is the earlier one, and negatively 
when it is the later one. W e interpolate the coefficients of r 
and its powers from the preceding formula to the epoch T. 
Then by substituting the value of r in the formula we shall 
have the values of the required quantities, and hence the data 
for reducing the position of S from one epoch to the other. 
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